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ABSTRACT 
This  monograph presents i n teg ra ted  modeling and c o n t r o l l e r  design methods 
f o r  f l e x i b l e  s t ruc tu res .  The c o n t r o l l e r s ,  o r  compensators, developed a re  o p t i -  
mal i n  the  l inear-quadrat ic-Gaussian sense. The performance ob jec t ives ,  sensor 
and a c t u a t o r  l o c a t i o n s  and ex terna l  d is turbances i n f l uence  bo th  the  cons t ruc t i on  
o f  the  model and the  design o f  the  f i n i t e  dimensional compensator. The modeling 
and c o n t r o l l e r  des ign procedures a re  c a r r i e d  ou t  i n  p a r a l l e l  t o  ensure com- 
p a t i b i l i t y  o f  these two aspects o f  t he  design problem. Model reduc t ion  tech- 
niques a r e  in t roduced t o  keep both the  model order  and the  c o n t r o l l e r  o rder  as 
smal l  as poss ib le .  
A l i n e a r  d i s t r i b u t e d ,  o r  i n f i n i t e  dimensional, model i s  the  t h e o r e t i c a l  
bas i s  f o r  most o f  the  t e x t ,  b u t  f i n i t e  dimensional models a r i s i n g  f rom both  
lumped-mass and f i n i t e  element approximations a l s o  p l a y  an impor tant  ro le .  A 
c e n t r a l  purpose o f  t he  approach here i s  t o  approximate an opt imal  i n f i n i t e  
dimensional  c o n t r o l l e r  w i t h  an implementable f i n i t e  dimensional compensator. 
Both convergence theory  and numerical approximat ion methods a r e  given. Simple 
examples a r e  used t o  i l l u s t r a t e  the  theory. 
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V l i i  
1. I n t r o d u c t i o n  
Recent years have seen inc reas ing  research i n  a c t i v e  c o n t r o l  o f  f l e x i b l e  
s t ruc tu res .  The pr imary m o t i v a t i o n  f o r  t h i s  research i s  c o n t r o l  o f  l a r g e  
f l e x i b l e  aerospace s t ruc tu res ,  which a r e  becoming l a r g e r  and more f l e x i b l e  a t  
t h e  same t ime t h a t  t h e i r  performance requirements a r e  becoming more s t r ingent .  
For example, i n  t r a c k i n g  and o the r  app l i ca t i ons ,  s a t e l l i t e s  w i t h  l a r g e  antennae, 
s o l a r  c o l l e c t o r s  and o the r  f l e x i b l e  components must per form f a s t  slew maneuvers 
w h i l e  ma in ta in ing  t i g h t  c o n t r o l  over the  v i b r a t i o n s  o f  t h e i r  f l e x i b l e  elements. 
Both o f  these c o n f l i c t i n g  ob jec t i ves  can be achieved o n l y  w i t h  a soph is t i ca ted  
c o n t r o l l e r .  There a re  a p p l i c a t i o n s  a l s o  t o  c o n t r o l  o f  r o b o t i c  manipulators  w i t h  
f l e x i b l e  l i n k s ,  and poss ib l y  t o  s t a b i l i z a t i o n  o f  l a r g e  c i v i l  engineer ing s t ruc -  
t u res  such as long br idges and t a l l  bu i ld ings .  
A fundamental quest ion t h a t  o f t e n  a r i s e s  w i t h  regard t o  des ign ing a 
c o n t r o l l e r  f o r  a f l e x i b l e  s t r u c t u r e  i s  whether a f i n i t e  dimensional  model i s  
s u f f i c i e n t  as a bas is  f o r  a c o n t r o l l e r  t h a t  w i l l  produce the  requ i red  p e r f o r -  
mance, o r  i s  a d i s t r i b u t e d  model necessary? 
t h a t ,  f o r  a lmost any s t ruc tu re ,  a near optima 
f i n i t e  dimensional approximate model b u t  tha t  
t u r e s ,  the necessary o rde r  o f  t he  approximate 
he phi losophy o f  t h i s  t e x t  i s  
c o n t r o l l e r  can be based on some 
f o r  l a r g e  f l e x i b l e  space s t r u c -  
model can be determined o n l y  i n  
the  c o n t r o l l e r  des ign process, w i t h  some reference t o  t h e  d i s t r i b u t e d  model o f  
t h e  s t ruc tu re .  
The main t o p i c  o f  t h i s  monograph i s  the  design o f  LQG compensators based on 
f i n i t e  dimensional approximat ions o f  d i s t r i b u t e d  models o f  f l e x i b l e  s t ruc tu res .  
A p r imary  o b j e c t i v e  o f  the  approximat ion methods i n  subsequent chapters i s  con- 
vergence c r i t e r i a  t h a t  i n d i c a t e  the  appropr ia te  o rder  of a f i n i t e  dimensional 
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compensator f o r  an i n f i n i t e  dimensional f l e x i b l e  s t ruc tu re .  The bas i c  idea i n  
de terminat ion  o f  t he  compensator o rder  and gains i s  t o  approximate an i d e a l  
i n f i n i t e  dimensional compensator w i th  an implementable f i n i t e  dimensional com- 
pen sa to r .  
Th is  monograph dea ls  w i t h  l inear-quadrat ic-Gaussian (LQG) compensators. The 
LQG opt imal  c o n t r o l  problem f o r  d i s t r i b u t e d ,  o r  i n f i n i t e  dimensional, systems i s  
a g e n e r a l i z a t i o n  t o  H i l b e r t  space o f  t he  now c lass i ca )  LOG problem f o r  f i n i t e  
dimensional systems. The s o l u t i o n  t o  the  i n f i n i t e  dimensional problem y i e l d s  an 
i n f i n i t e  dimensional  state-est imator-based compensator, which i s  opt imal  i n  the  
contex t  o f  t h i s  monograph. By a separa t ion  p r i n c i p l e  [Bal, CP2], t he  problem 
reduces t o  a d e t e r m i n i s t i c  l i nea r -quadra t i c  opt imal  c o n t r o l  problem and an o p t i -  
mal es t imat ion ,  o r  f i l t e r i n g ,  problem w i t h  gaussian wh i te  noise. I n  i n f i n i t e  
dimensions, t he  c o n t r o l  system dynamics a r e  represented by a semigroup o f  
bounded l i n e a r  opera tors  i ns tead  o f  t he  m a t r i x  exponent ia l  operators  i n  f i n i t e  
dimensions, and the  p l a n t  no ise  process may be an i n f i n i t e  dimensional random 
process. The s o l u t i o n s  t o  bo th  the  c o n t r o l  and f i l t e r i n g  problems i n v o l v e  
R i c c a t i  opera tor  equat ions,  which a re  genera l i za t i ons  o f  the  R i c c a t i  m a t r i x  
equat ions i n  the  f i n i t e  dimensional case. Current  r e s u l t s  on the  i n f i n i t e  
dimensional LQG problem a re  most complete f o r  problems where the  i n p u t  and 
measurement opera tors  a re  bounded, as t h i s  monograph requ i res  throughout. Th is  
boundedness a l s o  permi ts  the  s t ronges t  approximat ion resu l t s .  For r e l a t e d  
c o n t r o l  problems w i t h  unbounded i n p u t  and measurement, see [Cul, CS1, LT1, LT2, 
LT31 
Our p r imary  o b j e c t i v e  i s  t o  approximate the  opt imal  i n f i n i t e  dimensional LQG 
compensator f o r  a d i s t r i b u t e d  model o f  a f l e x i b l e  s t r u c t u r e  w i t h  f i n i t e  dimen- 
s iona l  compensators based on approximat ions t o  the  s t ruc tu re ,  and t o  have these 
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f i n i t e  dimensional  compensators produce near opt imal  performance o f  t he  closed- 
loop system. 
compensators converge t o  t h e  gains t h a t  determine t h e  i n f i n i t e  dimensional com- 
pensator, and we examine the  sense i n  which the  f i n i t e  dimensional compensators 
converge t o  t h e  i n f i n i t e  dimensional compensator. 
p r e d i c t  t he  performance o f  t he  c losed- loop system c o n s i s t i n g  o f  t he  d i s t r i b u t e d  
p l a n t  and a f i n i t e  dimensional compensator t h a t  approximates the  i n f i n i t e  dimen- 
s i ona 1 compe n s a t  o r . 
We discuss how the  gains t h a t  determine the  f i n i t e  dimensional 
With t h i s  ana lys is ,  we can 
Our des ign phi losophy i s  t o  l e t  t he  convergence o f  t he  f i n i t e  dimensional 
compensators i n d i c a t e  the  order  o f  the  compensator t h a t  i s  requ i red  t o  produce 
the  des i red  performance o f  t he  s t ruc tu re .  
o f  convergence a r e  the  des i red  performance (e.g., f a s t  response) and the  s t r u c -  
t u r a l  damping. 
n o t  s u f f i c i e n t  t o  approximate the  i n f i n i t e  dimensional compensator c l o s e l y  w i l l  
n o t  i n  general  be the  opt imal  compensator o f  t h a t  f i x e d  order;  i.e., the  opt imal  
f i xed -o rde r  compensator t h a t  would be const ructed w i t h  the  design phi losophy i n  
[BHl ,  BH21. 
vergence, our  f i n i t e  dimensional compensators become e s s e n t i a l l y  i d e n t i c a l  t o  
the  compensator t h a t  i s  opt imal  over compensators o f  a l l  orders. 
The two main f a c t o r s  t h a t  govern r a t e  
We should note t h a t  any one o f  our  compensators whose order  i s  
But  as we increase the  order  o f  approximat ion t o  o b t a i n  con- 
An impor tan t  quest ion,  o f  course, i s  how l a r g e  a f i n i t e  dimensional compen- 
s a t o r  we must use t o  approximate the  i n f i n i t e  dimensional compensator. I n  [GMl ,  
GM2, GM3, MGl], we have found t h a t  our complete des ign s t ra tegy  y i e l d s  compen- 
sa to rs  o f  reasonable s i z e  f o r  d i s t r i b u t e d  models o f  complex space s t ruc tu res .  
Th is  s t r a t e g y  i n  general  requ i res  two steps t o  o b t a i n  an implementable compen- 
s a t o r  t h a t  i s  e s s e n t i a l l y  i d e n t i c a l  t o  the  opt imal  i n f i n i t e  dimensional compen- 
sator :  t he  f i r s t  s tep  determines the  opt imal  compensator by l e t t i n g  t h e  f i n i t e  
3 
dimensional compensators converge t o  i t ; the  second step reduces, i f  poss ib le ,  
the order  o f  a l a rge  (converged) approximat ion t o  the  opt imal  compensator. The 
f i r s t  step, which i s  t he  one i n v o l v i n g  c o n t r o l  theory  and approximat ion theory  
f o r  d i s t r i b u t e d  systems, i s  the  sub jec t  o f  Chapters 7-9. 
simple modal t r u n c a t i o n  o f  the  l a r g e  compensator sometimes i s  s u f f i c i e n t ,  b u t  
there  are  more soph is t i ca ted  methods i n  f i n i t e  dimensional con t ro l  theory  f o r  
order  reduct ion.  
discussed i n  Chapter 5, t o  work w e l l  f o r  reducing l a r g e  compensators. 
For the  second step, a 
For example [GM2, MGl ] ,  we have found balanced r e a l i z a t i o n s ,  
The approximat ion theory  i n  t h i s  monograph f o l l o w s  from the  a p p l i c a t i o n  o f  
approximat ion r e s u l t s  i n  [ B K l ,  Gi3, Gi4) t o  a sequence o f  f i n i t e  dimensional 
opt imal LQG problems based on a R i t z -Ga le rk in  approximat ion o f  the  f l e x i b l e  
s t ruc tu re .  For the  opt imal  l i nea r -quadra t i c  c o n t r o l  problem, the  approximat ion 
theory here i s  a subs tan t i a l  improvement over t h a t  i n  [Gi l l  because here we 
a l l o w  r ig id -body  modes, more general  s t r u c t u r a l  damping ( i n c l u d i n g  damping i n  
the  boundary), and much more general  f i n i t e  element approximations. These 
genera l i za t i ons  a r e  necessary t o  accommodate comnon fea tu res  o f  complex space 
s t ruc tu res  and the  most useful  f i n i t e  element schemes. For example, we w r i t e  
the  equat ions f o r  cons t ruc t i ng  the  approx imat ing c o n t r o l  and es t imator  ga ins and 
f i n i t e  dimensional compensators i n  terms o f  ma t r i ces  t h a t  a re  b u i l t  d i r e c t l y  
from t y p i c a l  mass, s t i f f n e s s  and damping ma t r i ces  f o r  f l e x i b l e  s t ruc tu res ,  a long 
w i t h  ac tua to r  i n f l u e n c e  ma t r i ces  and measurement matr ices.  Th is  means t h a t  t he  
numerical methods i n  t h i s  t e x t  f o r  compensator des ign can be used f o r  almost any 
f i n i t e  element model o f  a f l e x i b l e  s t ruc tu re ,  w i t h o u t  re ference t o  the  i n f i n i t e  
dimensional theory  t h a t  es tab l i shes  the  v a l i d i t y  o f  the  numerical methods f o r  a 
d i s t r i b u t e d  model o f  t he  s t ruc tu re .  
For the  es t ima to r  problem, t h i s  monograph presents  r i go rous  approximat ion 
theory t h a t  has evolved from l e s s  complete r e s u l t s  i n  prev ious research [GMl,  
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GM2, GM3, MG1). As i n  the  f i n i t e  dimensional case, the  i n f i n i t e  dimensional 
opt imal  es t ima t ion  problem i s  the  dual o f  the  i n f i n i t e  dimensional opt imal  
c o n t r o l  problem, and t h e  s o l u t i o n s  t o  bo th  problems have the  same s t ruc tu re .  
Because we e x p l o i t  t h i s  d u a l i t y  t o  ob ta in  the  approximat ion theory  f o r  t he  e s t i -  
mat ion problem from t h e  approximat ion theory  f o r  t he  opt imal  c o n t r o l  problem, 
the  ana lys i s  i n  t h i s  monograph i s  almost e n t i r e l y  de te rm in i s t i c .  We d iscuss the  
s tochas t i c  i n t e r p r e t a t i o n  o f  t he  es t imat ion  problem and the  approximat ing s t a t e  
es t imators  b r i e f l y ,  b u t  we a r e  concerned main ly  w i t h  d e t e r m i n i s t i c  quest ions 
about the  s t r u c t u r e  and convergence o f  approximations t o  an i n f i n i t e  dimensional 
compensator and the  performance -- e s p e c i a l l y  s t a b i l i t y  -- o f  t he  c losed- loop 
systems produced by the  approximat ing compensators. 
Now we w i l l  o u t l i n e  the  techn ica l  contents o f  the  monograph. Chapter 2 
discusses a f i n i t e  dimensional model f o r  the forced l i n e a r  v i b r a t i o n s  o f  a 
f l e x i b l e  s t ruc tu re .  Al though the  main goal i s  t o  design compensators f o r  i n f i -  
n i t e  dimensional f l e x i b l e  s t ruc tu res ,  the  f i n i t e  dimensional approximat ions upon 
which implementable compensators a re  based amount t o  f i n i t e  dimensional models 
. o f  f l e x i b l e  s t ruc tu res .  These approximate models have the  form o f  t he  f i n i t e  
dimensional model i n  Chapter 2. Impor tant  fea tures  o f  f l e x i b l e  s t ruc tu res ,  l i k e  
na tu ra l  modes and damping, a r e  discussed i n  Chapter 2. Extensions of these 
no t ions  f o r  f l e x i b l e  s t r u c t u r e s  w i t h  gyroscopic fo rces  a re  a l s o  discussed. 
Gyroscopic terms appear whenever the  s t r u c t u r e  r o t a t e s  or conta ins r o t a t i n g  e le -  
ments. 
Chapter 3 de f ines  the  a b s t r a c t  d i s t r i b u t e d  model o f  an i n f i n i t e  dimensional 
f l e x i b l e  s t r u c t u r e  and the  energy spaces t o  be used i n  most o f  the  subsequent 
chapters. We assume a f i n i t e  number o f  actuators ,  s ince t h i s  i s  the  case i n  a l l  
app l i ca t i ons ,  and we assume t h a t  the  ac tua to r  i n f l uence  operator  i s  bounded. 
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Chapter 3 a l s o  es tab l i shes  c e r t a i n  mathematical p roper t i es  o f  t he  open-loop 
system t h a t  a r e  use fu l  i n  c o n t r o l  and approximation. 
We develop the  approximat ion o f  the  d i s t r i b u t e d  model o f  t he  s t r u c t u r e  i n  
Chapter 4 and prove convergence o f  the  approximat ing open-loop systems. 
approximat ion scheme i s  e s s e n t i a l l y  a R i t z -Ga le rk in  method t h a t  inc ludes  modal, 
i n c l u d i n g  component modal, approximat ions and most f i n i t e  element approximat ions 
o f  f l e x i b l e  s t ruc tu res .  
approximat ion theorem, which was used i n  opt imal  open-loop c o n t r o l  o f  h e r e d i t a r y  
systems i n  [ B B l ]  and has been used i n  opt imal  feedback c o n t r o l  o f  he red i ta ry ,  
hyperbo l i c  and pa rabo l i c  systems i n  [ B K l ,  G i l ,  6131 and o the r  papers. The usual 
way t o  invoke Tro t te r -Kato  i s  t o  prove t h a t  the  reso lvents  o f  t he  approximat ing 
semigroup generators  converge s t rongly .  To prove t h i s ,  we in t roduce  an i nne r  
product  t h a t  invo lves  bo th  the  s t ra in-energy i nne r  product  and the  damping func- 
t i o n a l ,  and show t h a t  the  reso lven t  o f  each f i n i t e  dimensional semigroup genera- 
t o r  i s  t he  p r o j e c t i o n ,  w i t h  respect  t o  t h i s  spec ia l  i nne r  product,  o f  t he  
reso lven t  o f  t he  o r i g i n a l  semigroup generator  onto the  approximat ion subspace. 
The idea works as w e l l  f o r  the  a d j o i n t s  o f  the  resolvents ,  and when the  open- 
loop semigroup generator  has compact reso lvent ,  i t  f o l l o w s  from our  p r o j e c t i o n  
t h a t  the  approximat ing reso lven t  operators  converge i n  norm. 
The 
For convergence, we use the  Tro t te r -Kato  semigroup 
The speed o f  convergence t o  the  opt imal  feedback law and opt imal  es t imator  
i s  a f f e c t e d  by the  manner i n  which the  model order  i s  increased. I t  i s  use fu l  
t o  have a method o f  i d e n t i f y i n g  impor tant  modes o f  the  s t r u c t u r e  so they can be 
added t o  the  model f i r s t .  Th is  issue i s  considered i n  Chapter 5. Moore's 
Balanced R e a l i z a t i o n  Theory i s  in t roduced as a method f o r  o rde r ing  the  impor- 
tance o f  s ta tes  o f  a s t r u c t u r a l  model. The approach takes i n t o  account i n p u t  
and ou tpu t  coup l ing  as w e l l  as frequency and damping. An e f f i c i e n t  approxima- 
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t i o n  
Rea 1 
scheme i s  developed 
z a t i o n  Theory may a 
f o r  s t r u c t u r e s  which a re  l i g h t l y  damped. Balanced 
so be used t o  reduce the  order  o f  a general m a t r i x  
t r a n s f e r  f unc t i on ,  and i n  t h i s  contex t  i t  prov ides a t o o l  f o r  reducing the  order  
o f  the  compensator. 
Chapter 6 discusses the  LQG opt imal  c o n t r o l  problem f o r  the  d i s t r i b u t e d  
model o f  t he  s t r u c t u r e  and es tab l i shes  some est imates i n v o l v i n g  bounds on so lu-  
t i o n s  t o  i n f i n i t e  dimensional R i c c a t i  equat ions and open-loop and closed- loop 
decay rates.  We need these est imates f o r  the  subsequent approximat ion theory. 
To g e t  the  approx imat ion theory f o r  t he  es t ima t ion  problem, we have t o  g i v e  cer -  
t a i n  r e s u l t s  on the  c o n t r o l  problem i n  a more general form than would be 
necessary were we i n t e r e s t e d  on ly  i n  the  c o n t r o l  problem f o r  f l e x i b l e  s t r u c -  
tures.  
t o  the  LQG problem f o r  a v a r i e t y  o f  d i s t r i b u t e d  systems and then app ly  the  
gener ic  r e s u l t s  t o  the  c o n t r o l  o f  f l e x i b l e  s t ruc tu res .  
Therefore,  i n  Chapter 6, we f i r s t  g i v e  some gener ic  r e s u l t s  app l i cab le  
For c l o s i n g  the  loop on the  c o n t r o l  system, we assume a f i n i t e  number o f  
bounded l i n e a r  measurements and cons t ruc t  the  opt imal  s t a t e  est imator ,  which i s  
i n f i n i t e  dimensional  i n  general. The gains f o r  t h i s  es t imator  a r e  obta ined from 
the s o l u t i o n  t o  an i n f i n i t e  dimensional R i c c a t i  equat ion t h a t  has the  same form 
as the  i n f i n i t e  dimensional R i c c a t i  equat ion i n  the  c o n t r o l  problem. 
Since the  approximat ion issues t h a t  t h i s  book t r e a t s  a re  fundamental ly 
d e t e r m i n i s t i c ,  we make the  book se l f -con ta ined by d e f i n i n g  the  i n f i n i t e  dimen- 
s iona l  es t ima to r  as an observer, a l though the  o n l y  j u s t i f i c a t i o n  f o r  c a l l i n g  
t h i s  es t ima to r  and the  corresponding compensator opt imal  is t h e i r  i n t e r p r e t a t i o n  
i n  the contex t  o f  s tochas t i c  es t ima t ion  and con t ro l .  We d iscuss the  s tochas t i c  
i n t e r p r e t a t i o n  b u t  do n o t  use it. We say es t ima to r  and observer in terchangeably  
t o  emphasize the  d e t e r m i n i s t i c  d e f i n i t i o n  o f  t he  es t imator  here. 
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. 
Because we assume a f i n i t e  number o f  ac tua to rs  and a bounded i n p u t  operator ,  
the opt imal feedback c o n t r o l  law cons is ts  o f  a f i n i t e  number o f  bounded l i n e a r  
f u n c t i o n a l s  on the  s t a t e  space, which i s  a H i l b e r t  space. This  means t h a t  the  
feedback law can be represented i n  terms o f  a f i n i t e  number o f  vectors ,  which we 
c a l l  f u n c t i o n a l  c o n t r o l  gains,  whose inne r  products  w i t h  the  genera l i zed  d i s -  
placement and v e l o c i t y  vec tors  de f i ne  the  c o n t r o l  law. For any f i n i t e - r a n k ,  
bounded l i n e a r  feedback law f o r  a con t ro l  system on a H i l b e r t  space, the  
ex is tence o f  such gains i s  obvious and w e l l  known. A f u n c t i o n a l  c o n t r o l  ga in  
f o r  a f l e x i b l e  s t r u c t u r e  w i l l  have one o r  more d i s t r i b u t e d  components, or ker -  
ne ls ,  corresponding t o  each d i s t r i b u t e d  component o f  the  s t r u c t u r e  and sca la r  
components corresponding t o  each r i g i d  component o f  the  s t ruc tu re .  
Analogous t o  the  f u n c t i o n a l  con t ro l  ga ins a re  func t i ona l  es t imator  ga ins 
corresponding t o  the  f i n i t e  number o f  sensor measurements. 
p l a y  a prominent r o l e  i n  our  analys is .  
the  i n f i n i t e  dimensional compensator and prov ide  a c r i t e r i o n  f o r  convergence o f  
the approximat ing f i n i t e  dimensional compensators. 
The func t i ona l  ga ins 
They g i v e  a concrete representa t ion  o f  
The opt imal  LQG compensator i s  i n f i n i t e  dimensional i n  general. The 
t r a n s f e r  f u n c t i o n  o f  t h i s  compensator i s  i r r a t i o n a l ,  b u t  i t  i s  s t i l l  an m(number 
o f  ac tua tors )  x p(number o f  sensors) m a t r i x  f u n c t i o n  o f  a complex va r iab le ,  as 
i n  f i n i t e  dimensional c o n t r o l  theory. The opt imal  c losed- loop system cons is t s  
o f  the  d i s t r i b u t e d  model o f  t he  s t r u c t u r e  c o n t r o l l e d  by the  opt imal  compensator. 
We develop the  approximat ion scheme f o r  the LQG c o n t r o l  problem i n  Chapter 
7. We d e f i n e  a sequence of f i n i t e  dimensional LQG problems, whose so lu t i ons  
approximate the  s o l u t i o n  t o  the  i n f i n i t e  dimensional problem o f  Chapter 6. The 
s o l u t i o n  t o  each f i n i t e  dimensional problem i s  based on the  so lu t i ons  t o  two 
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R i c c a t i  m a t r i x  equations, and we g i v e  formulas f o r  us ing  these so lu t i ons  t o  com- 
pu te  approximat ions t o  the  f u n c t i o n a l  c o n t r o l  and es t imator  ga ins as l i n e a r  com- 
b i n a t i o n s  o f  the  bas i s  vectors.  The approximat ing f u n c t i o n a l  ga ins i n d i c a t e  how 
c l o s e l y  the  f i n i t e  dimensional compensators approximate the  i n f i n i t e  dimensional 
compensator. The b r i e f  d iscuss ion  i n  Sect ion 7.6 i s  the  o n l y  p lace  i n  the  
monograph where s tochas t i c  es t ima t ion  theory i s  necessary, and none o f  the  
ana lys i s  i n  the  r e s t  o f  t he  monograph depends on t h i s  discussion. 
Chapter 7 presents  the  f i n i t e  dimensional equat ions t o  be used i n  des ign ing 
the  f i n i t e  dimensional compensators. This  chapter conta ins no convergence 
ana lys is .  The equat ions i n  Chapter 7 can be used f o r  numerical design o f  t he  
f i n i t e  dimensional compensators, w i thou t  worry ing about the  meaning o f  these 
compensators w i t h  respect  t o  the  i n f i n i t e  dimensional c o n t r o l  problem. 
Chapter 8 conta ins  convergence theory t h a t  g ives  cond i t i ons  under which the  
approximat ing compensators i n  Chapter 7 converge t o  the  i n f i n i t e  dimensional 
compensator i n  Chapter 6. Th is  theory a l s o  descr ibes the  sense i n  which the  
f i n i t e  dimensional compensators converge. The compensator convergence i s  
discussed i n  terms o f  bo th  the  convergence o f  the  approximat ing f u n c t i o n a l  gains 
and the  convergence o f  the  t r a n s f e r  f unc t i ons  o f  t he  f i n i t e  dimensional compen- 
sators .  
I n  Chapter 9, we compute approximat ing f i n i t e  dimensional compensators f o r  a 
compound s t r u c t u r e  t h a t  cons i s t s  o f  an Eu ler -Bernou l l i  beam at tached on one end 
t o  a r o t a t i n g  r i g i d  hub and on the  o the r  end t o  a lumped mass. We emphasize the  
f a c t  t h a t  we do no t  solve,  o r  even w r i t e  down, the  coupled p a r t i a l  and o rd ina ry  
d i f f e r e n t i a l  equat ions o f  motion. For bo th  the  d e f i n i t i o n  and numerical solu- 
t i o n  o f  the  problem, o n l y  the  k i n e t i c  and s t r a i n  energy f u n c t i o n a l s  and a d i s s i -  
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p a t i o n  f u n c t i o n a l  f o r  t he  damping a r e  requi red.  We show the  approximat ing 
func t i ona l  c o n t r o l  ga ins obta ined by  us ing  a standard f i n i t e  element approxima- 
t i o n  o f  the  beam, and we d iscuss  the  e f f e c t  on convergence o f  s t r u c t u r a l  damping 
and o f  the  r a t i o  o f  s t a t e  Weight ing t o  c o n t r o l  we igh t ing  i n  the  performance 
index. As suggested by a theorem i n  Chapter 8, the  func t i ona l  ga ins do n o t  con- 
verge when no s t r u c t u r a l  damping i s  modeled. 
We study t h e  convergence o f  t he  f i n i t e  dimensional compensators by examining 
convergence o f  t he  approximat ing f u n c t i o n a l  ga ins and the  frequency responses o f  
the  f i n i t e  dimensional compensators. Also, we compute the  eigenvalues o f  t he  
c losed- loop system c o n s i s t i n g  o f  a f i n i t e  dimensional compensator and l a r g e r -  
order  model o f  the  s t ruc tu re .  These eigenvalues i n d i c a t e  how many modes a re  
c o n t r o l l e d  how much by the  i n f i n i t e  dimensional compensator and by the  f i n i t e  
dimensional compensators t h a t  a r e  e s s e n t i a l l y  i d e n t i c a l  t o  the  i n f i n i t e  dimen- 
s iona l  compensator as f a r  as the  i npu t /ou tpu t  map. The f u n c t i o n a l  ga ins  and the  
compensator frequency response i n d i c a t e  the  order  o f  a f i n i t e  dimensional com- 
pensator necessary t o  approximate the  i n f i n i t e  dimensional compensator c lose ly ,  
and the  closed- loop eigenvalues con f i rm  t h i s  order. 
Chapter 10 discusses severa l  f u r t h e r  issues impor tant  f o r  implementat ion o f  
compensators designed by the  methods i n  t h i s  book, and suggests f u r t h e r  research 
t o  make the  ideas presented here use fu l  f o r  a p p l i c a t i o n  t o  o the r  c o n t r o l  
problems f o r  l a r g e  f l e x i b l e  s t ruc tu res .  
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2. A F i n i t e  Dimensional Model o f  a F l e x i b l e  S t r u c t u r e  
2.1 Forced L Inear V tbrat tons 
The fo rced  v i b r a t i o n s  o f  a l a r g e  c lass  o f  f l e x i b l e  s t r u c t u r e s  may be 
descr ibed approx imate ly  by the  second-order f i n i t e  dimensional d i f f e r e n t i a l  
equat i on 
(2.1.1) M X + G R + D R + K X + F X = ~ ~  
where the  genera l i zed  displacement x ( t )  and the  genera l i zed  f o r c i n g  f u n c t i o n  
fo( t )  a r e  n-vectors,  the  mass m a t r i x  M, damping m a t r i x  D and s t i f f n e s s  m a t r i x  K 
a r e  r e a l  symnetr ic n x n matr ices,  and the  gyroscopic  m a t r i x  G and c i r c u l a t o r y  
m a t r i x  F a r e  r e a l  skew-symnetric n x n matr ices.  The mass m a t r i x  i s  p o s i t i v e  
d e f i n i t e ,  and the  damping m a t r i x  i s  nonnegative. I n  most cases the  s t i f f n e s s  
m a t r i x  i s  a l s o  nonnegative, b u t  some gyroscopic systems can have s t i f f n e s s  
ma t r i ces  which a r e  i n d e f i n i t e .  Any zero eigenvalue o f  K corresponds t o  a r i g i d -  
body mode. 
c i r c u l a t o r y  f o r c e  m a t r i x  F may r e s u l t  f rom e i t h e r  f o l l o w e r  fo rces  o r  damping 
descr ibed i n  r o t a t i n g  reference frames. 
v a t i v e  terms i n  (2.1.1) w h i l e  D 5( and F x a re  nonconservative. The f o r c i n g  
f u n c t i o n  fo i s  o f t e n  expressed as 
The gyroscopic m a t r i x  G r e s u l t s  f rom r o t a t i n g  components, and the  
The terms M x, G R and K x a r e  conser- 
(2.1.2) fo = Bo u ( t )  
I n  t h i s  expression, Bo i s  a r e a l  n x m i n p u t  d i s t r i b u t i o n  m a t r i x  and u ( t )  i s  an 
m x 1 i n p u t  vec to r  which cou ld  represent  feedback c o n t r o l  forces,  ex te rna l  
f o rces  o r  both. I n  the  present  development, u w i l l  represent  c o n t r o l  f o rces  o r  
moments. The i n p u t  d i s t r i b u t i o n  m a t r i p  depends on where the  c o n t r o l  o r  ex te rna l  
f o rces  a c t  on t h e  system, and i t  determines the  r e l a t i v e  e f f e c t  o f  t h e  i n p u t s  on 
the  var ious  coordinates.  
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The f i r s t - o r d e r  form o f  (2.1.1) i s  
(2.1.3) t = A z + f  
where the  2n x 2n s t a t e  vec to r  z i s  z ( t )  = [X I  k ' ] '  and 
0 I 
(2.1.4) A =  [ 
- M - ~  (K+F) - M - ~  (G+D) 
L inear  measurements o f  t he  s t a t e  vec to r  have the  form 
y = c z + c o u  = [CP C , ] ( k ) + C o U  X (2.1.5) 
where C, Co, C and C v  a r e  r e a l  mat r i ces  o f  appropr ia te  dimensions. P 
2.2 Natura l  Modes f o r  Nongyroscopfc Systems 
Natura l  modes and n a t u r a l  f requencies may be de f i ned  by consider ing f r e e  
v i b r a t i o n s  o f  t he  conserva t ive  p a r t  o f  (2.1.1), i.e., 
(2.2.1) M X + G k + K x = O  
We f i r s t  examine the  case where G i s  zero and K i s  nonnegative. I n  Laplace 
t ransform no ta t i on ,  (2.2.1) reduces to :  
2 (2.2.2) [ S  M + K ]  x = 0 
Equation (2.2.2) de f i nes  an eigenvalue problem which may be solved f o r  s and x. 
Since M and K a r e  r e a l  symnetr ic mat r ices  w i t h  M p o s i t i v e  d e f i n i t e  and K non- 
negat ive,  the  s o l u t i o n s  f o r  s cons is t  o f  2n p u r e l y  imaginary complex conjugates, 
sr = fjw,, r=l,2,...,n where the  wr 's  a re  c a l l e d  the  natura l  frequencies. The 
corresponding e igenvectors  xr a re  r e a l  and a r e  c a l l e d  the  natura l  mode shapes. 
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The mode shapes a r e  complete i n  Rn and mode shapes corresponding t o  d i s t i n c t  
f requencies a r e  orthogonal  w i t h  respect t o  both M and K. 
I f  U i s  t he  m a t r i x  whose columns a re  the na tu ra l  mode shapes normal ized w i t h  
respect  t o  the  mass m a t r i x  M, then s u b s t i t u t i n g  
(2.2.3) x(s)  = U a(s)  
i n  (2.2.2) and m u l t i p l y i n g  the  equat ion on 










* T h e  components o f  t he  n-vector  a ( t )  a re  c a l l e d  the  modal coord inates o f  the  
s t r u c t u r e ,  and the  n sca la r  equat ions i n  (2.2.4) a r e  c a l l e d  t h e  modal equat ions 
o f  mo t  i on. 
2.3 Modal Damping 
If a damping m a t r i x  D i s  added t o  (2.2.2), then (2.2.4) becomes 
(2.3.1) 2 T 2 T s a + s U D U a + R  a = U f o  
T The damping represented by the  m a t r i x  D i s  c a l l e d  modal damping i f  U DU i s  
d iagonal .  I n  t h i s  case, t he  damping does no t  couple the  modes o f  undamped f r e e  
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v i b r a t i o n  and the  e genvectors o f  t he  damped s t r u c t u r e  are  the  same as the  
e igenvectors  o f  the  undamped s t ruc tu re .  
and on ly  i f  M - l D  comnutes w i t h  M - l K ,  o r  equ iva len t l y ,  i f  and o n l y  i f  M-lD and 
M - l K  have the  same eigenvectors.  
equal t o  a convergent power se r ies  i n  M - ~ K  o r  i f  M - ~ D  i s  equal t o  a l i n e a r  com- 
b i n a t i o n  o f  f r a c t i o n a l  powers o f  M - l K .  Al though an assumption o f  modal damping 
T The damping m a t r i x  U DU i s  diagonal  i f  
T I n  p a r t i c u l a r ,  U DU i s  diagonal  i f  M - l D  i s  
g r e a t l y  s i m p l i f i e s  the  ana lys i s  o f  v i b r a t i n g  s t ruc tu res ,  i t  i s  n o t  always easy 
t o  reconc i l e  t h i s  assumption w i t h  phys ica l  r e a l i t y .  (See Sect ion 2.5.) I n  the  
present  d iscuss ion,  we a re  t h i n k i n g  p r i m a r i l y  o f  t he  damping m a t r i x  D as 
r e s u l t i n g  f rom some m a t e r i a l  damping model f o r  the  f l e x i b l e  components o f  the  
s t r u c t u r e  and/or models o f  j o i n t  damping o r  pass ive dampers at tached t o  the  
s t ruc tu re .  
and the values o f  modal damping r a t i o s  a r e  estimated from experimental data.  
The o n l y  j u s t i f i c a t i o n  f o r  t h i s  quest ionable assumption i s  t h a t  f o r  s u f f i c i e n t l y  
l i g h t  damping, the  e igenvectors  o f  the  f i n i t e  dimensional model approach the  
na tu ra l  mode shapes from (2.2.2). 
as i t  i s  s u f f i c i e n t l y  smal l ,  a damping m a t r i x  E f o r  which UTEU i s  diagonal  w i l l  
produce bo th  eigenvalues and e igenvectors  f o r  the  s t r u c t u r e  model t h a t  a re  c lose 
t o  those produced by the  c o r r e c t  D. 
T I n  p r a c t i c e  i t  i s  comon t o  assume t h a t  the  m a t r i x  U DU i s  diagonal  
Hence, whatever the  damping m a t r i x  D, as long 
2.4 Gyroscopic Systems 
I f  G i s  n o t  zero i n  (2.2.1), then the  procedure f o r  f i n d i n g  na tu ra l  frequen- 
c i e s  and na tu ra l  modes i s  conceptua l l y  and computat ional ly  more complicated. 
Me i rov i t ch  [Mel] has suggested a procedure which casts  the  equat ions i n  a 
form analogous t o  (2.2.2) where the  c o e f f i c i e n t  mat r ices  a r e  symnetric. Once i n  
t h i s  form, i t  i s  poss ib le  t o  determine the  na tu ra l  f requencies and na tu ra l  modes 
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as above ( w i t h  some d i f f e rences  i n  i n t e r p r e t a t i o n ) .  
being p o s i t i v e  d e f i n i t e .  
s t i l l  be app l ied ,  b u t  f i r s t  t he  r i g i d  body modes must be removed from (2.2.1). 
The procedure depends on K 
I f  K i s  on l y  p o s i t i v e  semi -de f i n i t e  the procedure can 
, 
, r e w r i t e  (2.2.1) i n  
c c o e f f i c i e n t  ma t r i x :  
The system which remains i s  then t r e a t e d  as fo l lows.  F i r s  
an augmented form which has a symnetr ic and a skew symnetr 
M O  0 (2*4*1) [ 0 K ] (  + [ -: ! ] (  I:) = ( 0 )  
T T T  Take the  Laplace t rans form o f  (2.4.1) w i t h  (k x ) replaced by q. 
The eigenvalue problem def ined by (2.4.2) may be solved f o r  s and q. 
t i o n s  f o r  s c o n s i s t  o f  2n pu re l y  imaginary complex conjugates, sr = + jwr ,  
r=l,Z,...,n. As before,  the  wr 's  a re  c a l l e d  the  natura l  frequencies. 
corresponding s o l u t i o n s  f o r  q a l s o  occur i n  complex conjugate p a i r s  and have the  
form qr = vr + j w 
(2.4.2) and equat ing the  r e a l  and imaginary p a r t s  t o  zero separa te ly  y i e l d s  two 
equat ions f o r  vr and wr. 
The so lu-  
The 
r=l,Z,...,n. S e t t i n g  sr = j w r  and qr = vr + j w i n  r '  r 
(2.4.3) 
M O  G K  
wr[  0 K I V r  + [ -K O I w r  = [ :] 
and 
M O  G K  
(2.4.4) 
-K 0 















KM- KM- K 
0 
0 
the e f t  hand m a t r i x  o f  (2.4.5) and (2.4.6) i s  t h a t  i n  each equation, 
i s  symnetr ic and p o s i t i v e  d e f i n i t e  and the  r i g h t  hand m a t r i x  i s  symnetr ic as i n  
the case where G i s  zero (see Eq. (2.2.2)) .  These fea tures  permi t  the  use o f  
s impler  numerical a lgor i thms,  and the eigenvalue ana lys i s  proceeds as i n  the  
nongyroscopic case. There are, however, some d i f f e r e n c e s  i n  the  i n t e r p r e t a t i o n  
o f  the  e igenvectors  s ince these vec tors  now inc lude  v e l o c i t i e s  as w e l l  as pos i -  
t i o n  coordinates.  These e igenvectors  a re  no t  i n  general  r e f e r r e d  t o  as na tu ra l  
modes. 
and (2.4.6) a t  some length.  
Refs. [Mel, Me2, Me31 d iscuss the  s o l u t i o n  and i n t e r p r e t a t i o n  o f  (2.4.5) 
I t  w i l l  a l s o  be noted t h a t  Eqs. (2.4.5) and (2.4.6) a r e  i d e n t i c a l .  Th is  
does no t  mean t h a t  vr and wr a re  i d e n t i c a l .  
show t h a t  vr and wr must s a t i s f y  the  equat ion 
From (2.4.3) and (2.4.4) one can 
(2.4.7) 
Thus on ly  one eigenvalue problem must be solved t o  ob ta in  bo th  wr and vr. 
(2.4.5) i s  used t o  ob ta in  vr, then (2.4.7) can be used t o  c a l c u l a t e  wr. 
wr obta ined i n  t h i s  way w i l l  s a t i s f y  (2.4.6). 
I f  
The 
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2.5 A Lunped Mass Exmple  
A s  noted i n  s e c t i o n  2.3, t he re  may be some d i f f i c u l t y  i n  j u s t i f y i n g  the  
assumption o f  modal damping. Th is  w i l l  now be i l l u s t r a t e d  by means o f  t he  
s imple example shown i n  F igu re  2.1. 
two spr ings  and th ree  dampers. 
body mode and two e l a s t i c  modes. 
o f  assuming modal damping w i t h  the  same damping r a t i o  i n  each mode. Because we 
want the  damping i n  each mode t o  be p ropor t i ona l  t o  t he  undamped frequency o f  
t h a t  mode, there  should be no damping i n  the  r i g id -body  mode, so  there  a re  no 
dampers a t tached t o  t h e  ground. 
This  s t r u c t u r e  cons is t s  o f  th ree  masses, 
The th ree  degrees o f  freedom inc lude  one r i g i d -  
I t  i s  i n s t r u c t i v e  t o  consider  the  i m p l i c a t i o n s  
Figure 2.1. Lumped Mass Example 
For the  coord ina tes  xl, x2 and x3 shown i n  F igu re  2.1, the  mass s t i f f n e s s  
and damping ma t r i ces  a re  
k -k  0 
-k 2k -k 




(2.5.2) D =  I (CltC2) -c2 I -c3 
The damping c o e f f i c i e n t s  cl, c2 and c3 a re  nonnegative. 
t he  (dimensionless) mass and s p r i n g  constants  
Suppose t h a t  we have 
ml = 0.1 m2 = 1.0 m3 = 0.1 k = 1.0. 
T For t h e  m a t r i x  U DU i n  t he  modal equat ion (2.3.1) t o  be equal to ,  say, .02 t imes 
the  square r o o t  o f  t h e  m a t r i x  on t h e  r i g h t  hand s ide  o f  (2.2.5) w i th  n = 3 (i.e., 
f o r  one percent  c r i t i c a l  damping i n  each mode) the  damping m a t r i x  D must be 
I 0.010379 -0.014434 0.004055 (2.5.3) D =  [ -0 014434 0.028868 -0.014434 0.004055 -0.014434 0.010379 
No combinat ion o f  t he  damping c o e f f i c i e n t s  
ma t r i x .  
i n  Eq. (2.5.2) produces t h i s  damping 
Wi th more e labo ra te  combinat ions o f  pu l e y s  and dampers, i n f i n i t e l y  many 
damping c o n f i g u r a t i o n s  a r e  poss ib le ,  so i t  may be poss ib le  t o  r e a l i z e  the  
damping m a t r i x  i n  (2.5.3) by some arrangement o f  dampers. 
z a t i o n  o f  t h e  requ i red  damping e x i s t s ,  i t  may be a very  u n l i k e l y  phys i ca l  con- 
f i g u r a t i o n .  
damping i n  t h i s  example suggests t h a t  assuming a form, p a r t i c u l a r l y  a d iagonal  
form, f o r  t h e  damping m a t r i x  i n  the  modal equat ions o f  mot ion,  w i t h o u t  con- 
s i d e r i n g  t h e  phys i ca l  sources o f  t h e  damping, can produce improbable damping 
models. 
But even i f  a r e a l i -  
The d i f f i c u l t y  o f  p h y s i c a l l y  r e a l i z i n g  constant -damping-rat io  modal 
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3. An I n f i n i t e  Dimensional Model 
3.1 I n f  i n f t e  Dimensfonal Equatfon o f  Motion 
Now we w i l l  descr ibe the  a b s t r a c t  model t h a t  we w i l l  use throughout the  book 
t o  represent  an i n f i n i t e  dimensional f l e x i b l e  s t ruc tu re .  The genera l i zed  
displacement vec to r  x ( t )  i s  i n  a r e a l  H i l b e r t  space H, the  c o n t r o l  vec to r  u ( t )  
i s  i n  Rm f o r  some f i n i t e  m and x ( t )  i s  a mi ld  s o l u t i o n  t o  
(3.1.1) x ( t )  + Don(t) + Aox( t )  = B o U ( t ) ,  t > 0. 
I n  t h i s  equat ion o f  motion, the  l i n e a r  s t i f f n e s s  opera tor  A. i s  densely de f ined 
and s e l f a d j o i n t  w i t h  compact reso lvent  and a t  most a f i n i t e  number o f  negat ive  
eigenvalues. The s t i f f n e s s  operators  f o r  s t r u c t u r e s  i n v o l v i n g  beams, p l a t e s  and 
membranes w i l l  s a t i s f y  the  hypotheses here on Ao. Any nonpos i t i ve  eigenvalues 
o f  A. w i l l  represent  r ig id -body  modes. 
opera tor  Do i s  symnetr ic,  nonnegative and bounded r e l a t i v e  t o  Ao; t h i s  inc ludes  
l i n e a r  m a t e r i a l  damping i n  continuous s t r u c t u r a l  components and l i n e a r  damping 
f rom a v iscous f l u i d  surrounding the  s t r u c t u r e  (no t  l i k e l y  i n  space app l i ca -  
t i ons ) .  I n  Sec t ion  3.4, we w i l l  d iscuss a more general  type o f  damping t h a t  we 
w i l l  a l l o w  f r o m  then on, except where otherwise noted. The i n p u t  opera tor  Bo i s  
a l i n e a r  ope ra to r  f rom Rm t o  H, and hence bounded (so t h a t  t h i s  model does n o t  
i nc lude  boundary con t ro l ) .  
For now, we w i l l  assume t h a t  t he  damping 
For  the  d i s t r i b u t e d  model o f  a f l e x i b l e  s t ruc tu re ,  we w i l l  n o t  d iscuss  a 
gyroscopic  opera tor  corresponding t o  the  m a t r i x  G i n  Chapter 2. I t  i s  s t r a i g h t -  
fo rward  t o  add a bounded skew s e l f a d j o i n t  opera tor  t o  the  damping opera tor  Do 
and genera l i ze  our  i n f i n i t e  dimensional system theory  and approximat ion theory  
app rop r ia te l y ,  b u t  we do no t  want t o  compl icate t h e  expos i t i on  o f  t h i s  and sub- 
sequent chapters  by c a r r y i n g  t h i s  e x t r a  d e t a i l  along. 
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Remark 3.1. Our ana lys i s  inc ludes  the  system 
(3.1.1')  M O X ( t )  + Dok( t )  + Aox( t )  = BoU(t) ,  \. 0, 
where the  mass opera tor  Mo i s  a s e l f a d j o i n t ,  bounded and coerc ive l i n e a r  opera- 
t o r  on a r e a l  H i l b e r t  space Ho. 
the same p r o p e r t i e s  w i t h  respect  t o  Ho t h a t  the  corresponding operators  i n  
(3.1.1) have w i t h  respect  t o  H. 
on l y  take H t o  be Ho w i t h  the  norm-equivalent i nne r  product  
and m u l t i p l y  (3.1.1') on the  l e f t  by Mi ' .  I n  H, t he  operator  Mi 'Ao  i s  s e l f -  
a d j o i n t  w i t h  compact reso lvent ,  and Mi 'Do i s  symnetr ic and nonnegative. With no 
l oss  o f  g e n e r a l i t y ,  then, we wit11 r e f e r  hencefor th  on l y  t o  (3.1.1) and assume 
t h a t  the H-inner product  accounts f o r  t he  mass d i s t r i b u t i o n .  VVV 
The opera tors  Ao,  Bo and Do i n  (3.1.1') have 
To i nc lude  (3.1.1') i n  our ana lys is ,  we need 
= < M O - , * > ~ O ,  
By natura l  modes o f  a st ructure  represented by (3.1.1), we w i l l  mean the 
eigenvectors @ o f  the eigenvalue problem 
j 
(3,l.Z) A j e j  = A. ej. 
From our hypotheses on Ao, i t  f o l l o w s  t h a t  these eigenvalues form an i n f i n i t e l y  
inc reas ing  sequence o f  r e a l  numbers, o f  which a l l  b u t  a f i n i t e  number a r e  pos i -  
t i v e .  Also, t he  corresponding e igenvectors  a r e  complete i n  H and s a t i s f y  
(For these standard p r o p e r t i e s  o f  t he  eigenvalue problem, see [Bal, Ka21 and 
o ther  texts . )  For A > 0, w = > 0 i s  a natura l  frequency. 
j j j 
3.2 The Energy Spaces 
To d iscuss the  damping i n  (3*1.1) more p r e c i s e l y ,  t o  de r i ve  the  f i r s t - o r d e r  
form o f  (3*1.1) and t o  spec i fy  the  c lass  o f  measurements t h a t  we w i l l  consider,  
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we need t o  d e f i n e  two a d d i t i o n a l  H i l b e r t  spaces, the  s t r a i n  energy space Y and 
the t o t a l  energy space E ,  i n  terms o f  the bas ic  space H and the  s t i f f n e s s  opera- 
t o r  Ao. We choose a bounded s e l f a d j o i n t  l i n e a r  operator  A1 on H such t h a t  A1 
i s  p o s i t i v e  d e f i n i t e  on the  eigenspace o f  A. corresponding t o  nonpos i t i ve  eigen- 
values o f  A. and the  n u l l  space o f  Al i s  the  c losed span o f  t he  eigenvectors o f  
A. corresponding t o  p o s i t i v e  eigenvalues. Thus Eo = A. + A1 i s  coercive;  i.e., 
there  e x i s t s  p > 0 such t h a t  
(3.2.1) <~ox ,x>  2 p 1x1 2 , 
We d e f i n e  t h e  H i l b e r t  space V t o  be the  
i nne r  product  
(3.2.2) <v1,v2>v = <E v ,V > 0 1 2 "  
Equiva len t ly ,  V = D(AO)  -31 and <vl, v2>v - 
I n  the  usual way, we w i l l  use the 
(3.2.3) V C H = H '  c V ' ,  
where the  i n j e c t i o n  f rom V i n t o  H and f 
x E D(Eo) = D(Ao). 
complet ion o f  D(Ao)  wi th  respect  t o  the  
mbeddi ng 
om H I  i n t o  V '  a re  conb,nuous w 
ranges. We denote by AV the  Riesz map f r o m  V onto i t s  dual V I ;  i.e., 
(3.2.4) <v,vl>" = (AVv1)v , vl, v E v. 
Then Eo i s  t he  r e s t r i c t i o n  o f  AV t o  D(AO)  i n  the  sense t h a t  
ense 
V. 
Rernark 3.2. We began our  d e s c r i p t i o n  o f  the  c o n t r o l  system model w i t h  (3.1.1) 
because i t s  form i s  f a m i l i a r  i n  the  context  o f  f l e x i b l e  s t ruc tu res .  The s t i f f -  
ness opera tor  Ao, f o r  example, i s  the  i n f i n i t e  dimensional analogue o f  t h e  
s t i f f n e s s  m a t r i x  i n  Chapter 2. I n  app l i ca t i ons ,  though, i t  i s  o f t e n  e a s i e r  t o  
begin w i t h  a s t ra in -energy  func t i ona l  from which the  c o r r e c t  s t ra in -energy  i nne r  
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product  i s  obvious. There i s  a one-to-one correspondence between the  s t i f f n e s s  
operator  A. and the  s t ra in -energy  space V .  
terms o f  Ao. 
map f o r  V by (3.2.5) w i t h  D(AO) = A i ' H  (see [Shl] a l s o  f o r  t h i s  approach). 
E i t h e r  way, the  r e l a t i o n s h i p  between A. and V i s  the  same. 
II 
We have seen how V i s  de f i ned  i n  
CI II 
I f  V i s  s p e c i f i e d  f i r s t ,  then A. i s  de f ined i n  terms o f  t he  Riesz 
H 
This  means t h a t  i f  the  space H and i t s  i nne r  product  (determined by k i n e t i c  
energy; r e c a l l  Remark 3.1) and the space V and i t s  i nne r  p roduc t  (determined by 
s t r a i n  energy and geometric boundary cond i t i ons )  a re  w r i t t e n  down, then the  
operators  A. and A V  are  determined i m p l i c i t l y .  
s i s  and o u r  numerical computation, on l y  the  H and V i nne r  products  a r e  needed; 
n e i t h e r  A o ,  A v  nor  A i 1  need be w r i t t e n  down (a l though i t  i s  i n s t r u c t i v e  t o  
w r i t e  the p a r t i a l  d i f f e r e n t i a l  operator  A. f o r  simp e examples, as i n  Sect ion 
c1 




Now we d e f i n e  the  t o t a l  energy space E = V x H, n o t i n g  t h a t  when A. i s  coer- 
c i v e  and x ( t )  i s  the  s o l u t i o n  t o  (3.1.1), then I ( x ( t ) , k ( t ) ) l E  i s  tw ice  the  
t o t a l  energy ( k i n e t i c  p l u s  p o t e n t i a l )  i n  the system. The t o t a l  energy space i s  
the  na tu ra l  space f o r  t he  i n f i n i t e  dimensional state-space model o f  the  f l e x i b l e  
s t r u c t u r e ;  i.e., the f i r s t  o rder  form o f  (3.1.1), which we w i l l  d e r i v e  i n  
Sect ion 3.5. 
3.3 Clamped-Free Beam Example 
F o r  a s imple example, we consider  the  clamped-free Eu le r -Bernou l l i  beam i n  
F igure  3.1. The leng th  o f  t he  beam i s  1 and the  product  o f  the  modulus o f  
e l a s t i c i t y  and the  second moment o f  the  cross sec t ion  i s  E I .  The s i n g l e  con t ro l  
f o rce  u i s  spread un i fo rm ly  over the  l a s t  f i v e  percent  of t h e  beam a t  the r i g h t  
end. 
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F igu re  3.1: Clamped-free Eu le r -Bernou l l i  Beam 
F o r  t h i s  example, the most n a t u r a l  H i l b e r t  space H i s  L2 (0 ,1 ) ,  and t h e  
s t i f f n e s s  operator  i s  
4 4  4 (3.3.1) A. = E1 d I d s  , D(Ao) = { g  E H (0 , l ) :  g(0) = g ' ( 0 )  
= g l 1 ( 1 )  = g I ' l ( 1 )  = 01.1 
We model Ke lv in -Vo ig t  v i s c o e l a s t i c  damping i n  the beam [ C P l ] ,  which means t h a t  
the damping opera to r  i s  
(3.3.2) Do = c A 0 0  
where co i s  a p o s i t i v e  constant. The ac tua to r  i n f l u e n c e  operator  i s  g iven by 
'We denote by Hk(O,l) the kth-order Sobolev space o f  f unc t i ons  on ( 0 , l ) .  A 
f u n c t i o n  f i s  i n  t h i s  H i l b e r t  space i f  f, along w i t h  i t s  r i v a t i v e s  o f  orders 
up through k - l , ka re  a b s o l u t e l y  continuous on [ O , l ]  and fcrte E L2(0,1). The 
square o f  the H (0,l) norm o f  f i s  
l f I2 = t I' [ d J f ( t ) / d t J ] '  d t .  
j -1  o 
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0, 0 < s < .95, 
(3 .3 .3)  Bo u = u bo, bo(S) = 
1, .95 < s < 1. 
- 
Since A. i n  t h i s  example i s  coercive,  A1 = 0 and A. = Ao. The s t ra in-energy 
2 space V i n  t h i s  example i s  { v  6 H ( 0 , l ) :  v(0) = v ' ( 0 )  = 0), which f o l l o w s  f r o m  
de f i n ing  the  i n n e r  product  
according t o  (3.2.2) and complet ing D(Ao) w i t h  respect  t o  the  norm induced by 
t h i s  inner  product.  Although the  geometric boundary cond i t i ons  v(0)  = v ' ( 0 )  = 0 
a re  the  on ly  boundary cond i t i ons  re ta ined  e x p l i c i t l y  i n  V ,  t he  boundary con- 
d i t i o n s  v " (0 )  = ~ ~ " ( 1 )  = 0 a re  re ta ined  i m p l i c i t l y  by the  imbedding o f  V i n  H 
and the  Riesz map f o r  V because spec i f y ing  H and V i s  equ iva len t  t o  s p e c i f y i n g  H 
and Ao, as discussed i n  Remark 3.2. That H and V determine a l l  o f  the  boundary 
cond i t i ons  f o r  A. should remind readers experienced i n  the  s t r u c t u r a l  dynamics 
o f  app ly ing  Hami l ton 's  p r i n c i p l e  t o  d e r i v e  the  equat ions o f  mot ion f o r  a d i s t r i b -  
u ted  model o f  a f l e x i b l e  s t ruc tu re :  once the  energy f u n c t i o n a l s  and geometr ic 
boundary cond i t i ons  a re  defined, the  na tu ra l  boundary cond i t i ons  f o l l o w  from 
i n t e g r a t i n g  by p a r t s  i n  the  s p a t i a l  domain. 
H We should no te  t h a t  t he  coercive,  s e l f a d j o i n t  opera tor  A. e x i s t s  f o r  t h i s  
example, b u t  t h a t  i t  i s  n o t  a d i f f e r e n t i a l  operator.  
cannot be w r i t t e n  down i n  c losed form, b u t  i t s  i n f i n i t e  dimensional m a t r i x  
representa t ion  w i t h  respect  t o  i t s  e igenvectors  i s  diagonal  w i t h  the  na tu ra l  
f requencies o f  t h e  clamped-free beam on the  diagonal. The operators  A. and 
A. have the  same eigenvectors,  which a re  complete and mu tua l l y  orthogonal i n  
This  square-root operator  
YL 
bo th  H and V. 
3.4 The Damping Functional and Operator 
Before we d iscuss the  f i r s t - o r d e r  form o f  (3.1.1), we w i l l  s t a t e  the  damping 
hypothesis t h a t  we w i l l  use from here on and d iscuss the  representa t ion  o f  the 
damping admi t ted under t h i s  hypothesis. To cons t ruc t  t he  f i r s t - o r d e r  form o f  
(3.1.1), we do n o t  r e q u i r e  an operator  Do de f ined f rom some subset o f  H i n t o  H. 
Rather, we need o n l y  the  weaker assumption t h a t  t he re  e x i s t s  a damping ( o r  
d i s s i p a t i o n )  f u n c t i o n a l  
(3.4.1) do(* , * )  : V X V --> R 
such t h a t  do i s  b i l i n e a r ,  symnetric, continuous on V x V and nonnegative. 
t h i s  hypothes is  on do, t he re  i s  a unique nonnegative, s e l f a d j o i n t  operator  
DV E L(V) such t h a t  
Under 
(3.4.2) d 0 ( V  1' V 2 ) = <Dvvl, V2>, = < v l ,  D v v 2 > V '  vl, v2 e v. 
I f  we have a syrrmetric, nonnegative damping opera tor  Do de f i ned  from D(AO) 
i n t o  H such t h a t  Do i s  bounded r e l a t i v e  t o  Ao, then <DO*,*>H de f i nes  a b i l i n e a r ,  
symnetr ic,  continuous, nonnegative func t i ona l  on a dense subset o f  V x V. I n  
t h i s  case,  do i s  t h e  unique extension o f  t h i s  f u n c t i o n a l  t o  V x V and 
(That Do be ing Ao-bounded imp l i es  c o n t i n u i t y  o f  <DO*,*>H w i t h  respect  t o  the  V 
norm f o l l o w s  from CKa2, Theorem 4.12, page 2921.) 
I n  app l i ca t i ons ,  e i t h e r  Do o r  do should be s t r a i g h t f o r w a r d  t o  w r i t e  f rom the  
phys ics  o f  t he  s t ruc tu re ,  b u t  Dv i s  d i f f i c u l t  t o  determine except f o r  s imple 
s t r u c t u r e s  o r  damping t h a t  i s  a s imple f u n c t i o n  o f  s t i f f n e s s .  
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Rmark 3.3. For our t h e o r e t i c a l  ana lys i s  and our numerical work, t he  
f u n c t i o n a l  do i s  s u f f i c i e n t ;  i t  i s  n o t  necessary t o  w r i t e  down e i t h e r  
damping operators  Dy and Do. 
t o  w r i t e  t he  damping opera tors  f o r  s imple examples; see Sect ion 3.7.) 
(As w i t h  the  s t i f f n e s s  operator ,  i t  i s  
3.5 The Semigroup Generator and the F i rst -Order  Form o f  the  Equation 
dampi ng 
o f  the  
n s t r u c t i v e  
o f  Mot ion 
We want t o  w r i t e  (3.1.1) as a wel l -posed f i r s t - o r d e r  e v o l u t i o n  equat ion on 
the  t o t a l  energy space E = V x H. 
semigroup generator  f o r  t he  open-loop system, so t h a t  Co-semigroup theory  w i l l  
guarantee the  ex is tence and uniqueness o f  so lu t i ons  t o  the  state-space d i f f e r e n -  
t i a l  equat ion under app rop r ia te  cond i t i ons  on u ( t ) .  We w i l l  d e r i v e  the  
semigroup generator  by cons t ruc t i ng  i t s  inverse  e x p l i c i t l y ,  and then we w i l l  t r y  
t o  convince the  reader t h a t  we do have the  appropr ia te  semigroup generator.  
To do t h i s ,  we w i l l  determine the  approp r ia te  
Th is  approach seems mathemat ica l l y  e f f i c i e n t ,  and we w i l l  need the  i nve rse  of 
the  generator  f o r  approx imat ion theory.  
We d e f i n e  A"-1 E L(E,E)  by 
This  opera tor  i s  c l e a r l y  one-to-one, and i t s  range i s  dense, s ince V i s  dense i n  
H and D(AO)  i s  dense i n  V. Now, we take 
(3.5.2) ii - (Z-1)-1* 
D i r e c t  c a l c u l a t i o n  o f  the  i n n e r  product  shows 
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so t h a t  x i s  d i s s i p a t i v e  w i t h  dense domain. Also, s ince  D(X-') = E, x i s  maxi- 
mal d i s s i p a t i v e  by [ G i l ,  Theorem 2.11. Therefore,-A generates a Co-contract ion 
semigroup on E. 
F i n a l l y ,  t he  open-loop semigroup generator  i s  
0 0  
(3.5.4) D(A)  = D ( x ) ,  
where A1 i s  t he  bounded l i n e a r  operator  discussed i n  Sect ion 3.2. With 
(3.5.5) B = [ l o ]  6 L(Rrn,E), 
t he  f i r s t - o r d e r  form o f  (3.1.1) i s  
(3.5.6) ;(t) = A z ( t )  + B u ( t ) ,  t > 0, 
where z = (x, i )  E E. 
To see t h a t  A i s  indeed the  appropr ia te  open-loop semigroup generator,  sup- 
pose t h a t  A. i s  coerc ive  (so t h a t  AI = 0) and t h a t  we have a symnetr ic,  non- 
negat ive  Ao-bounded damping opera tor  Do. 
be a maximal d i s s i p a t i v e  extens ion o f  t he  opera tor  
Then the  appropr ia te  generator  should 
It i s  shown i n  [ G i l ,  Sect ion 21 t h a t  A has a unique maximal d i s s i p a t i v e  exten- 
sion, and a f t e r  n o t i n g  (3.4.3), i t  can be shown e a s i l y  t h a t  t h e  A(=  x) de f ined  
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by (3.5.1) and (3.5.2) i s  an extens ion o f  A. 
We should no te  t h a t  Showalter [Shl, Chapter V I ]  e l egan t l y  der ives  a 
semigroup generator  f o r  a c lass  o f  second-order systems t h a t  inc ludes the  
f l e x i b l e - s t r u c t u r e  model here. The p resen ta t i on  here i s  most use fu l  f o r  our  
approximat ion theory  because o f  the  e x p l i c i t  cons t ruc t i on  o f  the  inverse  o f  t he  
semigroup generator.  F o r  t he  purposes o f  t h i s  paper, we do n o t  need t o  charac- 
t e r i z e  the  opera tor  A i t s e l f  more e x p l i c i t l y ,  b u t  we should make the  f o l l o w i n g  
points .  
F i r s t ,  f rom z-' we see 
(3.5.8) D(A) = ( (x ,k ) :  fc 6 V, x + DVA E D(Ao)]. 
I n  a p p l i c a t i o n s ,  the  "na tu ra l  boundary cond i t i ons "  can be determined f r o m  
(3.5.8) and the  boundary cond i t i ons  inc luded i n  the  d e f i n i t i o n  o f  D(Ao) (see 
Sect ion 3,8), a l though we w i l l  no t  need the  n a t u r a l  boundary condi t ions.  I n  the  
case o f  a damping opera tor  t h a t  i s  bounded r e l a t i v e  t o  Ao, 
I f  the  damping opera tor  i s  bounded r e l a t i v e  t o  A: f o r  )I < 1, then A has compact 
resolvent.  
H D(A)  = D(Ao) x V, 
I n  many s t r u c t u r a l  app l i ca t i ons ,  the open-loop semigroup i s  a n a l y t i c ,  
a l though t h i s  has been proved o n l y  f o r  c e r t a i n  impor tant  cases. 
ob ta ins  an a n a l y t i c  semigroup when the  damping f u n c t i o n a l  i s  V-coercive; f o r  
example, when the re  e x i s t s  a damping opera tor  t h a t  i s  bo th  Ao-bounded and as 
s t rong as Ao. Such a damping operator  r e s u l t s  f rom the  Vo ig t -Ke lv in  v i s c o e l a s t i c  
ma te r ia l  model. Also,  i t  can be shown t h a t  t he  semigroup i s  a n a l y t i c  f o r  a 
damping opera tor  equal t o  cOAi  f o r  51 < p < 1 and co a p o s i t i v e  scalar .  The 
case p = H, which produces the  same damping r a t i o  i n  a l l  modes, i s  e s p e c i a l l y  
comnon i n  s t r u c t u r a l  models, and Chen and Russel l  [CRl] have shown t h a t  the  
Showalter 
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semigroup i s  a n a l y t i c  f o r  a more general c lass  o f  damping operators  i n v o l v i n g  
g. 
We can guarantee t h a t  t he  open-loop semigroup generator  i s  a spec t ra l  opera- 
t o r  (i.e., i t s  e igenvectors  a re  complete i n  E) on l y  f o r  a damping operator  t h a t  
i s  a l i n e a r  combinat ion o f  an H-bounded operator  and a f r a c t i o n a l  power o f  Ao. 
However, nowhere do we use o r  assume anyth ing about the  e igenvectors  o f  e i t h e r  
the  open-loop o r  t h e  c losed- loop semigroup generator. The na tu ra l  modes -- o f  
undamped f r e e  v i b r a t i o n  -- i n  (3.1.2) a re  always complete i n  bo th  H and V. 
The AdjoSnt o f  the Semigroup Generator. Since DV i s  s e l f a d j o i n t  on V, 
m-1 * 
d i r e c t  c a l c u l a t i o n  shows t h a t  x-* = (A ) 
the E- inner product  -- i s  
-- the a d j o i n t  o f  x-' w i t h  respect  t o  
Then E* = (x-*)-'. 
f o r  approximat ing a d j o i n t  semigroups. 
Having x-* e x p l i c i t l y  f a c i l i t a t e s  p rov ing  s t rong convergence 
Exponential  S t a b i l i t y  o f  the  Open-Loop System. According t o  the  f o l l o w i n g  
theorem, a s u f f i c i e n t  c o n d i t i o n  f o r  the open-loop system t o  be u n i f o r m l y  expo- 
n e n t i a l l y  s t a b l e  i s  t h a t  there  be no r ig id -body  modes and the  damping be coer- 
c ive.  Coercive damping means, b a s i c a l l y ,  t h a t  a l l  s t r u c t u r a l  components have 
p o s i t i v e  damping. That the  decay r a t e  g iven f o r  the  energy norm depends on ly  on 
the  lower bound f o r  t he  s t i f f n e s s  operator  and the  upper and lower bounds f o r  
the  damping f u n c t i o n a l  i s  essen t ia l  f o r  convergence r e s u l t s  f o r  t he  approx i -  
mat ing opt imal  c o n t r o l  problems o f  subsequent chapters. 
Theorem 3.4. Suppose t h a t  A. and do a re  H-coercive. 
Constant i n  (3.2.1), and l e t  60 and 61 be p o s i t i v e  constants  such t h a t  
Le t  p be the  p o s i t i v e  
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v 6 v. 
t 2 0. 
For a p r o o f  of t h i s  theorem, see [GAl]. 
f u n c t i o n a l  f o r  t he  open-loop system. 
The p r o o f  uses an e x p l i c i t  Liapunov 
I 
~ 
3.6 Representation o f  the Open-Loop Semfgroup fn the Case o f  Uncoupled Modes 
Since t h e  e igenvectors  @ o f  A. a re  comp j 
e t e  i n  V,  x ( t )  can be w r i t t e n  
m 
(3.6.1) 
where a . ( t )  i s  t he  modal ampl i tude f o r  t h e  j t h  mode. 
I S  isomorphic t o  t h e  space QZE o f  sequences 
x ( t )  = 1 a j ( t )  @j 
j= l  
The energy space E = V x H 
J 
(3.6.2) a = 
t h a t  a re  square sumnable i n  the  sense o f  
m 
2 2  2 
c J J  J (3.6.3) la12 = (w.  a .  + a.)  < 0 
L j=l  
where w .  i s  t h e  j t h  n a t u r a l  frequency. J 
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When a damping operator  Do e x i s t s  and has the  same eigenvectors as Ao,  t he  
damping leaves t h e  n a t u r a l  modes o f  f r e e  v i b r a t i o n  uncoupled and (3.1.1) i s  
equ iva len t  t o  t h e  i n f i n i t e  s e t  o f  modal equat ions 
where 
i s  t h e  damping r a t i o  o f  t he  jth mode and B i s  a 1 x m matr ix .  On t h e  o j  
semigroup T ( t )  i s  represented by an i n f i n i t e  dimensional m a t r i x  w i t h  a l l  zeros 
except f o r  2 x 2 b locks  T . ( t )  centered on t h e  main diagonal and g i ven  by J 
3.7 The Measurement Equatlon and Operators 
Recal l  t h a t  t h e  second-order equat ion (3.1.1) and t h e  f i r s t - o r d e r  equat ion 
(3.5.6) a r e  equiva lent .  We assume t h a t  t he  measurement has the  form 
(3.7.1) y ( t )  = Co u ( t )  + c z ( t )  
where y ( t )  i s  a p-vector,  Co i s  a r e a l  p x m m a t r i x  and C i s  a bounded l i n e a r  
operator  f rom E t o  Rp. Since E = V x H ,  C must have the  form 
(3.7.2) C = [C1  C2] 
where C1 and C2 a r e  bounded l i n e a r  operators  f rom V and H, respec t i ve l y ,  t o  Rp. 
Th is  means t h a t  (3.7.1) can be w r i t t e n  
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(3 .7.3)  y ( t )  = co u ( t )  + c1 x ( t )  + c2 i(t). 
Also, according t o  Riesz, i f  ( C  z ( t ) ) i  i s  the  ith component o f  the  p-vector  
C z ( t ) ,  then 
(3 .7 .4 )  
where cli E V and cZi E H. 
(c z ( t ) ) ,  = <Cli, x>v + <CZi, A>", i = 1, ..., p, 
I 
I 
I 3.8 Further C m e n t s  on the Clamped-Free Beam 
According t o  Sec t ion  3.5 ,  once he bas ic  space H was de f ined i n  Sect ion 3 .3  
t o  be L2(0,1), t he  f i r s t - o r d e r  f o r m  o f  the  equat ion o f  mot ion f o r  the  beam n 
Sect ion 3 .3  was determined i m p l i c i t  y by the  s t i f f n e s s  operator  i n  ( 3 . 3 . 1 ) ,  the 
damping opera tor  i n  (3 .3 .2)  and the ac tua to r  i n f l uence  operator  i n  (3 .3 .3 ) .  I t  
follows f r o m  Theorem 3.4 t h a t  t he  open-loop beam (i.e., t he  f r e e  response o f  the  
beam) i s  u n i f o r m l y  exponen t ia l l y  s tab le  f o r  any p o s i t i v e  damping c o e f f i c i e n t  co 
i n  (3 .3 .2 ) .  
As discussed i n  Remark 3.2 ,  spec i f y ing  the  s t ra in -energy  i n n e r  product  i n  
(3 .3.4)  and the  boundary cond i t i ons  on the  l e f t  end o f  the  beam would have been 
equ iva len t  t o  s p e c i f y i n g  Ao. Also, accord ing t o  Sect ion 3 .4 ,  s p e c i f y i n g  the  
d i s s i p a t i o n  f u n c t i o n a l  t o  be 
would have been equ iva len t  t o  spec i f y ing  the  damping operator  Do. 
To see the  advantage o f  be ing ab le  t o  use the  damping func t i ona l  ins tead o f  
the damping operator ,  suppose t h a t  we a t t a c h  a l i n e a r  damper w i t h  p o s i t i v e  
c o e f f i c i e n t  c1 between the  r i g h t  end o f  the  beam and ground. 
damping opera tor  Do, b u t  i t  i s  easy t o  w r i t e  the  d i s s i p a t i o n  f u n c t i o n a l  
Then there  i s  no 
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(3.8.2) do(V1, v2) = co < V I ,  v2>v + c 1  V1( l )Vp( l ) ,  V I '  v2 E v, 
s ince t h i s  means t h a t  the  r a t e  o f  energy d i s s i p a t i o n  f o r  t he  open-loop beam i s  
(3.8.3) = d o ( i ( t ) ,  i ( t ) )  = -c0 1' i " ( t , s )  2 ds - c1 i ( t , l )  2 . 
0 
For  none o f  our  purposes i n  subsequent chapters do we need t o  go f u r t h e r  i n  
cha rac te r i z ing  the  damping. Nonetheless, i t  i s  i n s t r u c t i v e  t o  look a t  the  
na tu ra l  boundary cond i t i ons  t h a t  the  damping produces and how these boundary 
cond i t i ons  can be determined w i t h  the  r e s u l t s  discussed so fa r .  
(and probably  o n l y  a f e w  o thers ) ,  i t  i s  easy t o  w r i t e  the  operator  DV discussed 
i n  Sect ion 3.4. The p a r t  o f  DV corresponding t o  the  Ke lv in -Vo ig t  damping i s  co 
t imes the i d e n t i t y  i n  V, which fo l l ows  from (3.4.3). 
i n g  t o  the  l i n e a r  damper on the  end o f  the  beam i s  l ess  obvious, b u t  i t  can be 
determined w i t h  (3.4.2) and i n t e g r a t i o n  by par ts .  The r e s u l t  ( f o r  the  t o t a l  
damping f u n c t i o n a l  i n  (3.8.2)) i s  
I n  t h i s  example 
The p a r t  o f  DV correspond- 
(3.8.4) DVv = c0v + ~ ( 1 )  go 
where go E V i s  
O s s s l .  3 go(S) = (1 - S) /6 + s / 2  - 1/6, (3.8.5) 
The na tu ra l  boundary cond i t i ons  f o r  the equat ion o f  mot ion f o r  the beam 
f o l l o w  f r o m  (3.5.8). 
by (3.8.4) and (3.8.5), (3.5.8) says t h a t  the  domain o f  the  semigroup generator  
conta ins  those f u n c t i o n  p a i r s  (x, i) t h a t  s a t i s f y  fc E V, x + co i E V c H (O,l), 
With the  D(Ao)  and V de f ined i n  Sect ion 3.3 and Dv g iven  
4 
(3.8.6) ( X  + c0 fc)"(l) = 0 
and 
(3.8.7) ( X  + c0 k ) " ' ( l )  + c1 fc(1) = 0. 
These l a s t  two equat ions a r e  the  na tu ra l  boundary condi t ions.  
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3.9 Hub-Beam-T f p 4 a s s  Examp le 
One end o f  t h e  Eu le r -Bernou l l i  beam i n  F igure  3.2 i s  a t tached r i g i d l y  
( can t i l eve red )  t o  a r i g i d  d i s c  which i s  f r e e  t o  r o t a t e  about i t s  center ,  p o i n t  
0, which i s  f i xed .  Also,  a p o i n t  mass m l  i s  a t tached t o  the  o the r  end o f  t he  
beam. The c o n t r o l  i s  a torque u app l i ed  t o  the  d i sc ,  and a l l  mot ion i s  i n  the  
plane. 
n m l  
F lgu re  3.2. F l e x i b l e  S t ruc tu re  
Table 3.1. S t r u c t u r a l  Data 
~ 
r = hub rad ius  
1 = beam l e n g t h  
= hub moment o f  i n e r t i a  about a x i s  
perpend icu la r  t o  page through 0 
IO 
= beam mass pe r  u n i t  l e n g t h  mb 
ml = t i p  mass 
E1 = p roduc t  o f  e l a s t i c  modulus and second 
moment of  cross sec t i on  f o r  beam 
Fundamental f requency o f  undamped s t r u c t u r e  
10 i n  
100 i n  
100 s lug  i n  2 
.01 s l u g / i n  
1 s lug  
3 2  13,333 s l g  i n  /sec 
.9672 rad lsec  
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The angle 8 represents  the  r o t a t i o n  o f  the  d i s c  ( t h e  r ig id -body  mode), 
w ( t , * )  i s  the  e l a s t i c  d e f l e c t i o n  o f  the  beam f r o m  the  r ig id -body  p o s i t i o n ,  and 
w,(t) i s  t he  displacement o f  ml f rom the  r ig id -body  pos i t i on .  
reasons, we do n o t  yet  impose the  c o n d i t i o n  w,(t) = w ( t , l ) ;  more on t h i s  l a t e r .  
For techn ica l  
The c o n t r o l  problem i s  t o  s t a b i l i z e  r ig id -body  mot ions and l i n e a r  (smal l )  
t ransverse  e l a s t i c  v i b r a t i o n s  about the  s t a t e  8 = 0 and w = 0. Our l i n e a r  model 
assumes n o t  o n l y  t h a t  the  e l a s t i c  d e f l e c t i o n  o f  t he  beam i s  l i n e a r  b u t  a l s o  t h a t  
t h e  a x i a l  i n e r t i a l  f o rce  produced by the  r ig id -body  angular  v e l o c i t y  has n e g l i -  
g i b l e  e f f e c t  on the  bending s t i f f n e s s  o f  the  beam. 
n o t  be small. 
The r ig id -body  angle need 
For t h i s  example, i t  i s  a s t r a i g h t f o r w a r d  exerc ise  t o  d e r i v e  the  th ree  
coupled d i f f e r e n t i a l  equat ions (one p a r t i a l  and two o rd ina ry  d i f f e r e n t i a l  
equat ions)  o f  mot ion i n  8, w and wl, and they do have the  form (3.1.1 ). 
However, t o  emphasize the  f a c t  t h a t  we do n o t  use the  e x p l i c i t  d i f f e r e n t i a l  
I 
equat ions,  we w i l l  n o t  w r i t e  these equat ions here. Rather, we w i l l  w r i t e  on l y  
what normal ly  i s  needed i n  app l i ca t i ons :  t he  k i n e t i c  and s t ra in -energy  func- 
t i o n a l s ,  the  damping func t i ona l  and the  ac tua to r  i n f l uence  operator.  
Remark 3.1 a p p l i e s  t o  t h i s  example, and t o  most examples w i t h  complex s t r u c -  
tures.  The genera l i zed  displacement vec to r  i s  
(3.9.1) x = (8,w,wl) E Ho = R x L2(0,1) x R. 
The k i n e t i c  energy i n  the  system i s  
(3.9.2) K i n e t i c  Energy = 1 /2  < ~ , l t > ~  
where H is Ho w i t h  the  i nne r  p roduc t  
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1 
(3.9.3) <x,ji>" = mb I [ w  + ( r+s )8 ]  [G + ( r + s ) i ]  ds + Io 86 
0 
+ ml[wl + ( r + l ) e l [ ~ ,  + ( r+l) i ]  . 
As i n  most a p p l i c a t i o n s  we need n o t  w r i t e  t h e  mass operator  e x p l i c i t l y ,  b u t  
t he re  e x i s t s  a unique s e l f a d j o i n t  l i n e a r  ope ra to r  Mo on Ho such t h a t  
(3.9.4) < x , x > ~  = <MOx,R> . 
HO 
I t  i s  easy t o  see t h a t  Mo i s  bounded and coercive.  
l e n t  norms. 
Hence Ho and H have equiva- 
The i n p u t  ope ra to r  f o r  (3.1.1') (which maps R t o  Ho) i s  
(3.9.5) Bo = ( l , O , O ) .  
S ince we m u l t i p l y  (3.1.1') by M i l t o  g e t  (3.1.1), t he  i n p u t  operator  f o r  (3.1.1) 
i s  (MilB,). Note t h a t  
* 
(3.9.6) (MilBo)*H = Bo , 
* 
where (MilBo)*H is t h e  H-ad jo in t  o f  (Mi'B,) and Bo i s  t he  Ho-adjo in t  o f  Bo. 
Remark 3.2 a l s o  a p p l i e s  here. The o n l y  s t r a i n  energy i s  i n  t h e  beam and i s  
g i ven  by 
(3.9.7) 
w i t h  
S t r a i n  Energy = 1 /2 a(x,x) 
I I  - 1 1  (3.9.8) a ( x , i )  = E1 1' w w ds, 
where ( . ) I '  = d (.)/ds . To make a(-,.) i n t o  an inner  product,  we must account 




and d e f i n e  
2 
V = { X  = (O,@,@(l)):O E H (O,l), O(0) = @'(O) = 0). (3.9.10) 
Also, we have 
(3.9.11) <x,?>,, = a ( x , i )  + < B O B O ~ , R > ~ O  * = a(x,R) + <(M~lBo)(MilBo) fH x , ? > ~ ,  
* 
so t h a t  A1 = BOBo, o r  (MilBo)(MilBo)*H, depending on whether the  Ho o r  t he  H- 
i nne r  product i s  used i n  computing the V-inner product. 
nor A. e x p l i c i t l y .  We need only (3.9.8) and (3.9.9), along w i t h  ( 3 . 9 . 3 ) ,  t o  
canpute the required inner products. 
But we need nei ther  AI  
As mentioned i n  Remark 3.2, the operator go can be de f i ned  now by (3.2.5), 
and the  s t i f f n e s s  operator  i s  A. = go - A1. 
(3.2.5) y i e l d s  t h e  A. f o r  (3.1.1'), and us ing the H-inner product y i e l d s  the  A. 
f o r  (3.1.1), which i s  M i '  f o l l o w i n g  the  A. f o r  (3.1.1'). The A. f o r  (3.1.1') 
i s  simple, and t h e  reader might  w r i t e  i t  out. We w i l l  not ,  because we do n o t  
Using the  Ho-inner product i n  
. need i t. 
We w i l l  p o i n t  o u t  t h a t  D(Ao)  requ i res  both the  geometric boundary con- 
d i t i o n s  i n  V and t h e  n a t u r a l  boundary c o n d i t i o n  w " ( t , l )  = 0; i.e., zero moment 
on t h e  r i g h t  end. That t he  geometric boundary cond i t i ons  
(3.9.12) w( t ,O)  = w ' ( t , O )  = 0 
and 
(3.9.13) 
a re  imposed i n  
on the  general 
V b u t  no t  i n  H -- i.e., on the genera l ized d i s p  
zed v e l o c i t y  -- i s  comon i n  d i s t r i b u t e d  models 
acement b u t  n o t  
o f  f l e x i b l e  
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s t ruc tures .  
components i s  the  L2 norm, which cannot preserve c o n s t r a i n t s  on se ts  o f  zero 
measure. Because the  s t r a i n  energy i nvo l ves  s p a t i a l  d e r i v a t i v e s ,  the  s t ronger  
s t ra in -energy  norm can preserve the  geometric boundary cond i t i ons  (al though, as 
The na tu ra l  norm f o r  expressing the  k i n e t i c  energy o f  d i s t r i b u t e d  
f o r  t he  boundary s lope o f  an e l a s t i c  p l a t e ,  the V-norm may impose some o f  these 
boundary cond i t i ons  i n  an L2 r a t h e r  than a po in tw ise  sense). The s t ra in-energy 
I norm i s  based on the  m a t e r i a l  model o f  t he  d i s t r i b u t e d  components o f  t he  system, 
l and i t  should n o t  be s u r p r i s i n g  t h a t  such a norm i s  requ i red  t o  connect the 
I va r ious  s t r u c t u r a l  components. 
We assume t h a t  t he  beam has Vo ig t -Ke lv in  v i s c o e l a s t i c  damping, so t h a t  the 
damping operator  i n  (3.1.1) i s  
(3.9.14) D o = C  A 0 0  
where co i s  a constant. Th is  means t h a t  the  damping f u n c t i o n a l  i s  
(3.9.15) do(x,i() = co a(x,i() , x , i  E v. 
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4. Approximat ion o f  t he  D i s t r i b u t e d  Model o f  t he  S t ruc tu re  
4.1 Abstract F i n i t e  Element Approximation 
We begin t h i s  chapter by d iscuss ing  a R i tz -Ga lerk in  approximat ion framework 
t h a t  accomnodates most comnon f i n i t e  element schemes f o r  f l e x i b l e  s t ruc tu res .  
The o n l y  hypotheses f o r  t h i s  a b s t r a c t  approximat ion theory  ( i n  a d d i t i o n  t o  those 
g iven i n  Chapter 3 f o r  the  i n f i n i t e  dimensional s t r u c t u r a l  model) a r e  the  
requirements s t a t e d  i n  Hypothesis 4.1 f o r  the  bas i s  vectors.  As i n d i c a t e d  i n  
Sect ion 4.1.2, modal approximat ion f i t s  e a s i l y  i n t o  t h i s  framework. 
We assume t h a t  the  bas ic  space H i s  given, t h a t  the  var ious  operators  and 
f u n c t i o n a l s  assoc ia ted  w i t h  (3.1.1) s a t i s f y  the  hypotheses s ta ted  i n  Chapter 3 
and t h a t  t he  energy spaces V and E = V x H a re  de f ined as i n  Sec t ion  3.2 o f  
Chapter 3. 
Hypothesis 4.1.  There e x i s t s  a sequence o f  f i n i t e  dimensional subspaces Vn o f  V 
such t h a t  t h e  sequence o f  or thogonal  p r o j e c t i o n s  Pv, converges V-s t rong ly  t o  the  
i d e n t i t y ,  where Pvn i s  the  V-pro jec t ion  onto Vn. Also, each V, i s  t he  span o f  n 
l i n e a r l y  independent vec tors  e VVV 
j* 
Since i t  should cause no confusion, we w i l l  omi t  the  subsc r ip t  n and w r i t e  
keeping i n  mind t h a t  the  bas i s  vec tors  may change from one Vn t o  just e 
another,  as i n  most f i n i t e  element schemes. Also, we w i l l  r e f e r  t o  the  H i l b e r t  
J ’  
space En = V, x Vn, which has the  same i n n e r  product  as E = V x H. 
4.1.1 Approximating Equations o f  Motion 
For n 2 1, we approximate x ( t )  ( t h e  s o l u t i o n  t o  (3.1.1))  by 
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I where E ( t )  = [e,(t) $(t) ... E n ( t ) l T  s a t i s f i e s  
MnE + D n i  + KnE = Bou, n (4.1.2) 
and the  mass m a t r i x  Mn, damping m a t r i x  Dn, s t i f f n e s s  m a t r i x  Kn, and a c t u a t o r  
i n f l uence  m a t r i x  B: a re  g iven by 
Kn = [<A;"ei ,A;'* e.> ] = [<ei ,e .> ] - [<Alei ,ej>H], 
J H  J v  (4.1.3) 
Bo n = [tei,b > 1. 
j H  
Of course, (4.1.2) can be w r i t t e n  as 
(4.1.4) { = An0 + Bnu 
where 
E 
(4.1.5) rl = (,) 
and 
Note 4.2. Throughout t h i s  t e x t ,  we use the  supersc r ip t  n i n  the  des ignat ion  o f  
mat r i ces  i n  the  nth approximat ing system and c o n t r o l  problem, l i k e  An, Bn, M', 
etc.  
never i n d i c a t e s  a power o f  t he  mat r ix .  
Hence t h e  supersc r ip t  n i n d i c a t e s  the  order  o f  approximat ion -- and i t  
By M-", we denote the  inverse  o f  t he  
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mass m a t r i x  M'. 
t i o n ,  we use the  subsc r ip t  n. For example, A, and Bn a re  the  operators  whose 
m a t r i x  representa t ions  a r e  An and Bn, respec t ive ly .  VVV 
I n  the  des ignat ion  o f  a l i n e a r  opera tor  i n  the  nth approxima- 
I n  the c lass  o f  approximat ion schemes considered here, the  approximat ion t o  
t he  equ iva len t  measurement equat ions (3.7.1) and (3.7.3) can be w r i t t e n  
(4.1.7) 
w i t h  
(4.1.8) 
n E  
= co u + cnn = co u + c ( 0 )  
Yn E 
cn = [c; c;]  
where the ith column o f  the  p x n m a t r i x  C y  i s  the  p-vec tor  equal t o  Clei and 
the  ith column o f  t he  p x n m a t r i x  C; i s  the p-vector  equal t o  C2ei. The y, 
i n  (4.1.7) would be equal t o  the  exact measurement i f  the  t r u e  genera l ized 
displacement vec to r  x ( t )  were a l i n e a r  combination o f  the  f i r s t  n bas is  vec tors  
f o r  a l l  t (i.e., i f  x ( t )  were equal t o  the  x n ( t )  i n  (4.1.1))  so t h a t  we cou ld  
take E = En. 
4 . 1.2 Moda 1 Approx ima t ion 
The equat ions i n  Sect ion 4.1.1 i nc lude the  impor tant  case where the  bas i s  
vec tors  e .  a r e  the  mode shapes o f  undamped, f r e e  v i b r a t i o n  (i.e., the  eigenvec- 
t o r s  o f  the  s t i f f n e s s  opera tor  Ao; r e c a l l  (3.1.2) and (3 .1.3) ) .  
t he  mode shapes u s u a l l y  a re  normal ized w i t h  respect  t o  mass so t h a t  the  mass 
J 
I n  t h i s  case, 
m a t r i x  M" i s  the  n x n i d e n t i t y  mat r ix .  
i s  
The corresponding s t i f f n e s s  m a t r i x  then 
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(4.1.9) Kn = 








where t h e  w 's are  t h e  n a t u r a l  f requencies o f  undamped, f r e e  v i b r a t i o n  (i.e., 
t he  diagonal  elements o f  Kn a r e  the  f i r s t  n eigenvalues o f  Ao) .  A zero f r e -  
quency corresponds t o  a r i g id -body  mode. 
j 
That Hypothesis 4.1 holds f o r  modal approximat ion f o l l o w s  from the  f a c t  t h a t  
Y LI 
the operator  A. I 
have the  same eigenvectors.  
i s  a compact s e l f a d j o i n t  operator  on V, s i nce  A. and A i 1  
4.2 Convergence 
I t  i s  use fu l  t o  note t h a t  (4.1.1) and (4.1.2) o r  (4.1.4) are  equ iva len t  t o  
where zn = (x ,i 
m a t r i x  representat ions a re  g i ven  i n  (4.1.6). Also, f o r  any r e a l  A ,  
e En and An e L(En) and 6, e L(Rm,En) a re  t h e  operators  whose n n) 
(4.2.2) 
i s  equ iva len t  t o  
n 1  (4.2.3) (h2Mn + ADn + Kn))al = (AMn + D )I3 + MnD2 
and 
(4.2.4) 1 a2 = ha1 - B 




and hjn = E f3iei, 
i =1 i =1 
j = 1,2. 
( S u b s t i t u t i n g  An and (4.2.5) i n t o  (4.2.2) y i e l d s  (4.2.3) and (4.2.4).) 
Next, we w i l l  prepare t o  invoke the  Tro t te r -Kat0  semigroup approximat ion 
theorem t o  show how (4.1.2), (4.1.4) and (4.2.1) approximate (3.1.1) and 
(3.5.6). 
r i g id -body  modes), so t h a t  A1 = 0 and A. = Ao; t he  general case i s  a s t r a i g h t -  
forward extension. I n  the  present  case, then, the  open-loop semigroup generator  
A i s  maximal d i s s i p a t i v e ,  and f o r  each n, An i s  d i s s i p a t i v e  on En. The main 
idea here i s  t o  p r o j e c t  (A-A)- l  onto Vn i n  a c e r t a i n  i nne r  product  and observe 
t h a t  t he  r e s u l t  i s  e x a c t l y  (A-An)-', where An i s  t he  opera tor  on Vn i n  (4.2.1) 
and (4.2.2). O f  course, we need on ly  do t h i s  f o r  r e a l  A > 0. 
For t h i s ,  we w i l l  t r e a t  o n l y  the  case i n  which A. i s  coerc ive  (no 
u 
For r e a l  A > 0, then, we d e f i n e  an i nne r  product  on V by 
Under the  hypotheses i n  Chapter 2 on do, < - , - > A  i s  c l e a r l y  norm-equivalent t o  
< - , * > V .  
produc t  < * , * > A .  I f  h', hz E H, 
For n > 1, we l e t  Pn(A)  be t h e  p r o j e c t i o n  o f  V onto Vn i n  t h e  i nne r  
(4.2.7) [J 
i s  equ iva len t  t o  
(4.2.8) (:) = A-'[ (1) - 
43 
With A - l  from (3.5.1), (4.2.8) i s  equ iva len t  t o  
2 -1 1 -1 2 
(4.2.9) ( I  + ADV + A A. ) v - l  = (AA;' + Dv)h + A. h 
and 
2 1 1 v = A v  - h .  (4.2.10) 
I f  
v i  = Pn(A)vl and v: = Pn(A)v 2 , 
(4.2.11) 
l i t  f o l l o w s  f rom (4.2.6) and (4.2.9) t h a t  
(4.2.12) <eI,vn>,, 1 = <ei,v 1 >, 
= A 2 <e ,A A -1 v 1 >, + A<ei,DVv 1 >v + <ei,v 1 >,, 
i 0 0  
= <ei , ( h 2 ~ i 1  +  AD^ + I)V 1 >,, 
= <ei,(AAil + DV)h 1 + A. -1 h 2 >, , 
and from (4.2.10) t h a t  
2 2 1 1 <e ,v > = <ei,v > = A<ei,v >A - <ei,h >A. i n  (4.2.13) 
1 1 2 1 2 h, and h, w r i t t e n  as i n  Now, f o r  h = h, E V n '  h2 = h, E V,, and vn, vn 
(4.2.5), (4.2.12) and (4.2.13) y i e l d  (4.2.3) and (4.2.4) again. 




which y i e l d s  
(4.2.15) 




Hypothesis 4.1 t h a t  (h-An)-lP 
En 
1 Now, w i t h  An extended t o  En as, say, n(PEn-I), T ro t te r -Kat0  CKa2, page 504, 
Theorem 2.161 y i e l d s  t h e  fo l low ing .  
i s  t he  V-pro jec t ion  onto Vn, as before,  and P 
Vn Hn 
Since the  V-norm i s  s t ronger  than the  H-norm, i t  f o l l o w s  from 
i s  the  H-pro jec t ion  
converges E-st rongly  t o  ( A - A ) - l  as n -> =. 
Theorm 4.3. For  A. coercive,  l e t  T n ( t )  be the  ( con t rac t i on )  semigroup gener- 
a ted on En by A,. 
En 
un i fo rm ly  i n  t f o r  t i n  any bounded i n t e r v a l .  VVV 
Then, f o r  each t > 0, T,(t)P converges strongly t o  T ( t ) ,  
I n  the  general  case, when A. i s  n o t  coercive,  the  open-loop generator  A i s  
obta ined from the  d i s s i p a t i v e  A by the  bounded p e r t u r b a t i o n  (3.5.4), so t h a t  
CGi3, Theorem 6.61 y i e l d s  the  f o l l o w i n g  g e n e r a l i z a t i o n  o f  Theorem 4.3. 
Coro77ary 4.4. L e t  T n ( t )  be the  semigroup generated on En by An. Then, f o r  
each t > 0, T n ( t ) P  converges s t r o n g l y  t o  T ( t ) ,  un i fo rm ly  i n  t f o r  t i n  any 
bounded i n t e r v a l .  VVV 
En 
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Theorem 4.5.  When A has compact reso lvent ,  (A-An)-'P converges i n  L(E) t o  
En 
( A-A) -1. 
Proof .  This  f o l l o w s  f rom (4.2.15) and a standard r e s u l t  t h a t  the  p r o j e c t i o n  o f  
a compact l i n e a r  opera tor  onto a sequence o f  subspaces converges i n  norm if the 
p r o j e c t i o n s  converge s t r o n g l y  t o  the  i d e n t i t y ,  as do P and P,(A). VVV 
En 
That the  a d j o i n t  semigroups a l s o  converge s t r o n g l y  f o l l o w s  from an argument 
e n t i r e l y  analogous t o  the  p roo f  o f  Theorem 4.3. I n  p a r t i c u l a r ,  equat ions l i k e  
(4.2.6)-(4.2.12) a r e  used t o  show t h a t  
I n  showing t h i s ,  A-* i s  used as A - l  was used above. A l s o ,  care must be taken t o  
c a l c u l a t e  A i  w i t h  respect  t o  the  E- inner product.  The r e s u l t  i s  
Theoran 4.6. 
f o r  each t > 0, T i ( t ) P  
any bounded i n t e r v a l .  VVV 
L e t  T,(t) be the  sequence o f  semigroups i n  C o r o l l a r y  4.4. Then, 
converges s t r o n g l y  t o  T * ( t ) ,  un i fo rm ly  i n  t f o r  t i n  
En 
For the  approximat ion t o  the  ac tua to r  i n f l u e n c e  opera tor  6 E L(Rm,E), r e c a l l  
B, e L(Rm,En), the  opera tor  whose m a t r i x  representa t ion  i s  the  m a t r i x  Bn i n  
(4.1.6). From (4 .1.3) ,  i t  f o l l o w s  t h a t  
(4.2.18) B, = P B. 
En 
Since B has f i n i t e  rank m, B, and B; converge i n  norm t o  B and B*, respec t ive ly .  
We d e f i n e  the  approximat ing measurement operator  Cn E L(E,, Rp) t o  be the  
operator  whose m a t r i x  representa t ion  i s  t he  m a t r i x  Cn i n  (4.1.8) (de f ined imne- 
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d i a t e l y  a f t e r  (4.1.8)). Th i s  means t h a t  
(4.2.19) 
where C i s  t he  operator  i n  (3.7.1)-(3.7.3). Since C i s  a bounded l i n e a r  opera- 
t o r  w i t h  f i n i t e  rank, C P and C i  converge i n  norm t o  C and C*, respect ive ly .  
En 
4.3 Approx imat Ion o f  the Hub-Beam-T i p 4 a s s  Exmp l e  
Our approximat ion o f  t he  d i s t r i b u t e d  model o f  t he  s t r u c t u r e  i n  Sect ion 9 o f  
Chapter 3 i s  based on a f i n i t e  element approximation o f  t he  beam t h a t  uses cubic 
Hermite s p l i n e s  as b a s i s  func t i ons  [Scl, SFl]. 
f i r s t  d e r i v a t i v e s  a r e  continuous a t  t he  nodes, which a re  evenly spaced f o r  t he  
numerical r e s u l t s  i n  Chapter 9. Because the bas i s  vectors  e. i n  Hypothesis 4.1 
must be i n  t h e  space V de f i ned  i n  (3.9.10), we w r i t e  them as 
Cubic Hermite s p l i n e s  and t h e i r  
J 
j = 2, 3, ..., n, 
where the  @ ‘ s  a r e  t h e  cubic  s p l i n e  func t i ons  de f i ned  over the  l e n g t h  o f  t he  beam 
and n-1 i s  t h e  number o f  spl ines.  
j 
For ne elements, t he re  a re  2ne l i n e a r l y  inde- 
pendent sp l ines.  
displacements and slopes a t  t h e  nodes, r e l a t i v e  t o  the  r i g id -body  p o s i t i o n .  
The 2ne e l a s t i c  degrees o f  freedom a r e  u s u a l l y  taken t o  be the  
With t h e  r i g id -body  mode (hub r o t a t i o n ) ,  t he  t o t a l  number o f  degrees o f  freedom 
i s  n = 2ne + 1. 
The mat r i ces  i n  (4.1.3) a r e  c a l c u l a t e d  according t o  (3.9.3), (3.9.8) and 
(3.9.9), w i t h  Bo g iven  by (3.9.5). I n  p a r t i c u l a r ,  
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n 
K" = [a(ei,ej)l, 
6: = [l 0 0 ... 01 
Dn = c0 K , 
(4.3.2) 
T 




Note t h a t  t h e  f i r s t  row and column o f  Kn a r e  zero. The mat r ices  An and Bn a re  
g iven by (4.1.6). 
I 
I f  t h e  measurement i s  the  r ig id -body  angle 8 ,  then the  measurement mat r ices  
i n  (4.1.7) a r e  Co = 0 and 
I (4 .3 .3)  cn = [l 0 0 0 0 . .  1. 
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5. Order Reduct ion 
5.1 Introduct ion 
Almost any eng 
Using Balanced Rea l i za t i ons  
neer ing ana lys i s  and design task  requ res  a model o f  a phys- 
i c a l  system. The model should be complete enough t o  descr ibe a l l  o f  the  r e l e -  
vant  phys ica l  phenomena, b u t  n o t  so compl icated t h a t  i n s i g h t  i s  l o s t  o r  
computat ional  burdens become excessive. The development o f  an appropr ia te  model 
i s  l a r g e l y  an a r t  which depends on many f a c t o r s  such as the  d i s t r i b u t i o n  and 
type o f  i n p u t s  and outputs,  the magnitude and frequency content  o f  i npu ts  and 
ou tpu ts  and the  s t r u c t u r e  and p r o p e r t i e s  o f  the  phys ica l  components making up 
the  system. T r i a l  and e r r o r  and engineer ing i n t u i t i o n  a re  comnon ing red ien ts  i n  
the  model ing process. Much research has focused on methods f o r  determin ing what 
i s  essen t ia l  about a model and what can be disregarded. Most o f  t h i s  work, 
genera l l y  known as model reduct ion,  app l i es  t o  systems where the  input -ou tpu t  
r e l a t i o n s h i p  i s  l i n e a r .  For tunate ly ,  the  s t r u c t u r a l  systems considered here 
f a l l  i n t o  t h a t  c lass.  
I n  a d d i t i o n  t o  generat ing a low order  model o f  the  system which i s  t o  be 
c o n t r o l l e d ,  one may wish t o  reduce the  order  o f  the  c o n t r o l l e r  o r  compensator 
which has been synthesized t o  accomplish the  cont ro l .  I f  the  c o n t r o l l e r  i s  
l i n e a r ,  one may o f t e n  use the  same methods which a re  used f o r  reduc t i on  o f  t he  
p l a n t  model. Th is  chapter deals  w i t h  an approach f o r  model reduc t ion  o f  l i n e a r  
systems which has been w ide ly  used s ince i t s  i n t r o d u c t i o n  i n  1980, the  method o f  
balanced r e a l i z a t i o n s  [Mol]. I n  i t s  general  form, the approach may be used f o r  
reduc t i on  o f  a p l a n t  model o r  c o n t r o l l e r .  A s i m p l i f i e d  approximate ve rs ion  may 
be used when the  equat ions have a spec ia l  f o r m  corresponding t o  l i g h t l y  damped 
mechanical systems. The method has i n t u i t i v e  appeal and i s  easy t o  apply. 
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A number o f  methods f o r  model reduc t i on  have been used i n  the  pas t  w i t h  
vary ing degrees o f  success. Modal t r u n c a t i o n ,  f o r  example, has been w i d e l y  used 
i n  s t r u c t u r e s  research. I n  t h i s  approach, t he  equations o f  mot ion a re  t r a n s -  
formed i n t o  a s e t  o f  uncoupled second order  equat ions each o f  which descr ibes 
the  dynamics o f  one mode o f  v i b r a t i o n .  Model reduc t i on  i s  accomplished by  
d e l e t i n g  those modes w i t h  the  h ighes t  damped o r  undamped n a t u r a l  f requencies.  
The coupl ing o f  each mode t o  i n p u t s  o r  outputs  does no t  p l a y  a r o l e  i n  t h e  t r u n -  
c a t i o n  procedure. The method i s  s t r a i g h t f o r w a r d  i n  i t s  a p p l i c a t i o n  and has 
i n t u i t i v e  appeal. I t  i s  an example o f  a method where reduc t i on  i s  accomplished 
by t r u n c a t i o n  a f t e r  an approp r ia te  coord inate t ransformat ion.  
D i r e c t  model reduc t i on  procedures have been proposed which do n o t  i n v o l v e  
t runcat ion.  I n  these approaches, t he  a n a l y s t  decides i n  advance what o rde r  o f  
reduced model he wants and then uses a numerical o p t i m i z a t i o n  procedure t o  
o b t a i n  the  reduced model o f  t he  g iven order  which minimizes a s p e c i f i e d  measure 
o f  model 
and Bern 
approach 
s o l u t i o n  
Nume r i ca 
accuracy. 
t e i n  f o r  a p p l i c a t i o n  t o  reduced order  c o n t r o l l e r  design [HBl]. T h e i r  
i s  c a l l e d  t h e  Maximum Entropy Method, and i t  invo lves  the  simultaneous 
o f  two m o d i f i e d  R i c c a t i  equat ions and two mod i f i ed  Liapunov equations. 
Methods o f  t h i s  type have r e c e n t l y  been developed by Hyland 
r o u t i n e s  f o r  s o l v i n g  these equat ions a r e  n o t  y e t  standard, b u t  t he  
authors have developed a lgo r i t hms  which appear t o  be e f f e c t i v e .  
The i n t r o d u c t i o n  o f  the method o f  Balanced Rea l i za t i ons  i n  1980 r e v i t a l i z e d  
the  f i e l d  o f  model reduc t i on  and l e d  t o  renewed research. Various m o d i f i c a t i o n s  
and extensions have been proposed and studied. Enns developed an extens ion f o r  
frequency weighted balanced r e a l i z a t i o n s  [Enl] whereby the  ana lys t  could modi fy  
the bas i c  balanced r e a l i z a t i o n  procedure t o  o b t a i n  r e l a t i v e l y  b e t t e r  reduced 
model accuracy i n  c e r t a i n  frequency ranges where model accuracy was c r i t i c a l .  
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Another approach t o  model reduc t ion  i s  the opt imal  Hankel norm approximat ion 
which i s  developed i n  g rea t  d e t a i l  by Glover e t  a l .  i n  [GLl,Gll]. Hankel norm 
approximat ions a re  c l o s e l y  r e l a t e d  t o  approximat ions based on balanced r e a l i z a -  
t i o n s ,  and i n  f a c t  begin by expressing the  system as a balanced r e a l i z a t i o n .  
Al though a smal le r  e r r o r  bound can be es tab l i shed f o r  Hankel norm approxima- 
t i o n s ,  the  computations requ i red  are  s u b s t a n t i a l l y  more i nvo l ved  than those f o r  
balanced r e a l i z a t i o n s .  Another fea tu re  o f  the  Hankel norm approximat ion i s  t h a t  
the  reduced model may no t  be s t r i c t l y  proper even when the  o r i g i n a l  model i s .  
I t  i s  poss ib le  t o  a l t e r  the  computations t o  ensure a s t r i c t l y  proper  reduced 
model, bu t  the  requ i red  changes increase the e r r o r  bound. 
New techniques f o r  model reduc t ion  cont inue t o  emerge. F i ve  model reduc- 
t i o n  techniques ( i n c l u d i n g  balanced r e a l i z a t i o n s ,  Hankel norm approximations, 
an approach by Davis and Skel ton,  an approach by Yousuff and Skel ton and a new 
method by L i u  and Anderson) have been compared r e c e n t l y  by L i u  and Anderson 
[LAl]. Although some o f  the  methods genera l l y  performed b e t t e r  than others,  
t he re  was no one method which was always super ior .  Thus, model reduc t ion  i s  
s t i l l  an area o f  a c t i v e  research. The present  chapter  does no t  a t tempt  t o  exa- 
mine and compare the  many model reduc t ion  techniques c u r r e n t l y  ava i lab le .  
Instead,  i t s  scope i s  l i m i t e d  t o  the  method o f  balanced realizations. T h i s  
approach has been found t o  compare favorab ly  w i t h  o the r  methods, and i t s  com- 
p u t a t i o n a l  s i m p l i c i t y  makes i t  a t t r a c t i v e  f o r  p resent  app l i ca t i ons .  
5.2 Observabflity and Controllability; Observability and Controllability 
Gram fans 
Balanced r e a l i z a t i o n s  a re  based on the  no t i ons  o f  c o n t r o l l a b i l i t y  and 
o b s e r v a b i l i t y  o f  l i n e a r  systems. Thus we begin by d e f i n i n g  these terms and 
e x p l o r i n g  t h e i r  meaning. Suppose a phys ica l  system i s  descr ibed by the  s t a t e  
space equat ions:  
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(5.2.1) 
(5 .2.2)  
fc = AU + BU 
y = cx 
where 
x = n x 1 s t a t e  vec to r  
y = r x 1 output/measurement vec to r  
u = m x 1 i npu t /d i s tu rbance  vec to r  
A, B and C a re  constant  ma t r i ces  o f  appropr ia te  dimension. 
To in t roduce the  n o t i o n  o f  c o n t r o l l a b i l i t y ,  one might  ask the  f o l l o w i n g  
quest ion:  
i n i t i a l  s t a t e  x ( tO)  = 0 t o  an a r b i t r a r y  f i n a l  s t a t e  x f  i n  f i n i t e  t ime tf?II 
the answer t o  t h i s  quest ion i s  yes, the  system i s  sa id  t o  be controllable. 
Otherwise i t  i s  s a i d  t o  be uncontrollable. To determine whether a system i s  
c o n t r o l l a b l e ,  f i r s t  note t h a t  i f  x ( t O )  i s  zero, then 
"Can one f i n d  an i n p u t  u ( t )  which d r i v e s  the system (5.2.1) from an 
I f  
(5.2.3) x ( t )  = f f eA(t-T)B u ( r ) d r  
In t roduce a symnetr ic m a t r i x  W c ( t O , t )  de f ined as: 
(5.2.4) 
W c ( t O , t )  i s  c a l l e d  the  controllability gramnian. I f  W c ( t O , t f )  i s  nonsingular ,  
a c o n t r o l  I n p u t  u o ( t )  which d r i v e s  x f rom the  o r i g i n  t o  x f  a t  t i m e  tf i s  g iven  
by 
(5.2.5) 
This  can be v e r i f i e d  by s u b s t i t u t i n g  (5.2.5) i n t o  (5.2.3). Thus, i f  W c ( t O , t f )  
i s  nonsingular ,  the  system descr ibed by (5.2.1) i s  controllable. I n  the  event 
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t h a t  W c ( t O , t f )  i s  s ingu la r ,  the  system i s  s a i d  t o  be uncontrollable.  
The c o n t r o l  i n p u t  g iven  by (5.2.5) i s  n o t  the  o n l y  one t h a t  w i l l  d r i v e  x 
f rom the  o r i g i n  t o  x f  a t  t ime tf. 
o r i g i n  through an a r b i t r a r y  t r a j e c t o r y  and back t o  the  o r i g i n  a t  t ime tf. 
Because o f  t he  l i n e a r i t y  o f  (5.2.1), any i n p u t  which d r i v e s  x f rom 0 t o  xf a t  
t i m e  t f can be w r i t t e n  as 
Le t  u,(t) be an i n p u t  which d r i v e s  x f r o m  the 
Among a l l  such inputs ,  u o ( t )  i s  the  one which minimizes the  i n t e g r a l  
(5.2.7) 
E may be regarded as a measure o f  c o n t r o l  e f f o r t ,  and u o ( t )  i n t e r p r e t e d  as the  
minimun e f f o r t  i n p u t  which accomplishes the  des i red  change o f  s t a t e  f rom 0 t o  
S u b s t i t u t i n g  u o ( t )  i n t o  equat ion (5.2.7) and eva lua t ing  the  i n t e g r a l  y i e l d s  Xf 
the minimum value o f  E. 
(5.2.8) 
. r .  
Emi  n = x; W;l(t0,tf)xf 
Three observat ions w i l l  be use fu l  f o r  subsequent work. 
Observation 1 
The c o n t r o l  e f f o r t  becomes small (i.e., the  system becomes eas ie r  t o  
c o n t r o l )  when W c ( t O , t f )  becomes large. 
Observa t ion 2 
W c ( t O , t f )  can be expressed as: 
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t f -t 0 eAA BBT eATAdA 
(5.2.9) 
0 
To see t h i s ,  l e t  A = t f - T i n  (5.2.4). 
Observa t ion 3 
If a system i s  c o n t r o l l a b l e ,  i t  can be d r i v e n  from an a r b i t r a r y  i n i t i a l  
s t a t e  t o  an a r b i t r a r y  f i n a l  s ta te .  
a r b i t r a r y  i n i t i a l  s t a t e  xo, and expressing the  f i n a l  s t a t e  as 
Th is  can be seen by s t a r t i n g  f rom an 
A( t f - t o )  A ( t f - T )  sf e B u ( r ) d r  (5.2.10) x ( t f )  = e xo + 
Th is  shows t h a t  t he  c o n t r o l  which d r i v e s  the  system from xo t o  x ( t f )  i s  the  same 
as t h a t  which d r i v e s  the  system from t h e  o r i g i n  t o  the  f i n a l  s t a t e  x f  where 
(5.2.12) X f  = X ( t f )  - 
The concept o f  c o n t r o l  a b i l i t y  has several  t h ings  n comnon w i t h  t h a t  o f  
o b s e r v a b i l i t y ,  b u t  i t  has some d i f f e r e n c e s  as we l l .  Assume A, B and C i n  Eqs. 
(5.2.1, 5.2.2) a r e  known, and t h a t  t he  i n p u t  u ( t )  and the  ou tpu t  y ( t )  a re  known 
on to I t I tf. Then ask the  quest ion,  "Can one determine the  i n i t i a l  s t a t e  xo 
from t h i s  i n fo rma t ion?"  I f  t h e  answer t o  t h i s  ques t ion  i s  yes, the  system i s  
sa id  t o  be observable. I f  the  answer i s  no, the  sys tem i s  unobservable. 
O b s e r v a b i l i t y  a l s o  i m p l i e s  t h a t  knowledge o f  t he  i n p u t  and ou tpu t  over any 
i n t e r v a l  to I t 5 tf i s  s u f f i c i e n t  t o  determine x(t f ) .  
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To develop t h e  idea o f  o b s e r v a b i l i t y ,  l e t  
t 
x ( t )  4 x ( t )  - I eA(t-T)B u(T)dT (5.2.13) 
(5.2.14) y ( t )  4 c x ( t )  
Then, 
Since bo th  terms on the  r i g h t  s ide  o f  (5.2.15) a re  known, y ( t )  may be regarded 
as known a lso.  Now, 
J 
= AX + BU - BU - A eA(t-T)B u(T)dT 
1 t = A l x  - I eA(t-T)B u(T)dT: 
I t o  
(5.2.16) = A Z  
and 
(5.2.17) x'(t0) = x ( t0 )  
Hence, the  p l a n t  equat ions may be w r i t t - n  i n  t-rms o f  x and y as 
., 
(5.2.18) x = AE, x'(t0) = x(t,) 
(5.2.19) y" = CZ 
The o b s e r v a b i l i t y  o f  (5.2.18) and (5.2.19) i s  t h e  same as t h a t  o f  (5.2.13) and 
(5.2.14) s ince  t h e  a b i l i t y  t o  determine x"(t,) g iven i ( t )  on [t,,t,] i m p l i e s  and 
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i s  imp l i ed  by the  a b i l i t y  t o  determine x(to) g i ven  y ( t )  on [to,tl] and u ( t )  on 
[to,tl]. 
because o f  t h e i r  s imp ler  form. 
I n  the  subsequent development we w i l l  work w i t h  (5.2.18) and (5.2.19) 
I From (5.2.18) and (5.2.19), Y ( t )  may be w r i t t e n  as 
I De f ine  the  o b s e r v a b i l i t y  Gramnian as 
(5.2.21) d r  
AT( t-to) 
Multiply (5.2.20) by e C and i n t e g r a t e  from to t o  tf. 
If W o ( t O , t f )  i s  nonsingular,  and j ( t )  i s  known on [to,tf], then (5.2.22) can be 
solved f o r  Z( to ) .  
f AT ( r - to) 
(5.2.23) C T i  ( T) dr 
Hence, the  system (5.2.18), (5.2.19) i s  observable i f  W o ( t O , t f )  i s  nonsingular. 
I f  W o ( t O , t f )  i s  s ingu la r ,  t he  system i s  unobservable. 
For i n t e r p r e t a t i o n  o f  r e s u l t s  i n  the  sequel, i t  w i l l  be use fu l  t o  in t roduce 
a s c a l a r  measure o f  t h e  ou tpu t  y ( t )  analogous t o  the  s c a l a r  measure o f  t he  i n p u t  
g i ven  i n  Eq. (5.2.7). Def ine  a response f u n c t i o n  R as 
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t f  
(5.2.24) R 4 I jT( t ) j  ( r ) d t  
S u b s t i t u t i n g  f rom (5.2.20) and (5.2.21), 
tf A T ( t - t  ) A(T - to )  
jT(r) j ( t )  d r  = ZT( to)  I e O C ~ C  e dT Z( to )  
(5.2.. 25) = ZT( to )  wo( to , t f )Z ( to )  
Thus, W o ( t O , t f )  p rov ides a measure o f  the  s i z e  o f  t he  response corresponding t o  
an i n i t i a l  c o n d i t i o n  Z(to).  
I f  the  A m a t r i x  i n  Eq. (5.2.1) i s  s tab le  (i.e., a l l  o f  the  eigenvalues o f  A 
a re  i n  the  l e f t  h a l f  p lane) ,  then W c ( t O , t f )  and W o ( t O , t f )  remain f i n i t e  as 
t f + QD. Def ine  
T m 




- T  
(5.2.27) wO = W0(O,m) = I eA CTCeAT d t  
I t  i s  n o t  d i f f i c u l t  t o  show t h a t  Wc and Wo s a t i s f y  the  Liapunov Equations: 
0 
T T (5.2.28) A W c + W c A  + B B  = O  
T T (5.2.29) WO A + A Wo + C C = 0 
Since w e l l  documented numerical procedures a re  a v a i l a b l e  f o r  s o l v i n g  these 
equat ions [ B S l ] ,  f i n d i n g  Wc and Wo f o r  the  case where tf + i s  most e a s i l y  
accomplished by so l v ing  (5.2.28) and (5.2.29) r a t h e r  than a t tempt ing  d i r e c t  
eva lua t i on  of t he  i n t e g r a l s  g iven  i n  Eqs. (5.2.9) and (5.2.21). I f  the  g iven A 
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m a t r i x  i s  n o t  complete ly  s tab le ,  then A must be p a r t i t i o n e d  i n t o  a s t a b l e  p a r t  
and an uns tab le  par t .  Eqs. (5.2.28) and (5.2.29) may be used t o  f i n d  t h e  
c o n t r o l l a b i l i t y  and o b s e r v a b i l i t y  g r a m i a n s  associated w i t h  the  s t a b l e  p a r t  o f  
A i n  t h e  i n f i n i t e  t ime case. 
5.3 Balanced Rea 1 i z a t  ions 
I t  i s  always poss ib le  t o  express t h e  system equat ions (5.2.1) and (5.2.2) 
i n  a d i f f e r e n t  b u t  equ iva len t  form through the  use o f  a coord ina te  t r a n s f o r -  
mation: 
(5.3.1) ~ = T x  
where T i s  a nonsingular  mat r ix .  Th is  t rans format ion  leads t o  
(5.3.2) i = l i n + s u  
(5.3.3) y = Cn 
(5.3.4) li = T - ~ A  T, B = T - ~ B ,  c = c T 
where 
There a re  many ob jec t i ves  one might  have i n  per forming such a t rans format ion ,  
e.g., t o  p u t  t h e  t ransformed system i n t o  diagonal  o r  b lock  diagonal  form, t o  p u t  
i t  i n  c o n t r o l l a b i l i t y  canonical  form [Kal, pp. 49-55], etc.  When the  t rans-  
formed model i s  t o  be used f o r  con t ro l  system design, t he  Balanced 
Rea l iza t ion  o f  Moore [Mol] i s  appeal ing because express ng equat ions i n  t h i s  
form a l l ows  one t o  compare the  r e l a t i v e  c o n t r o l l a b i l i t y  and o b s e r v a b i l i t y  o f  
i n d i v i d u a l  s ta tes.  Th is  in fo rmat ion  i s  use fu l  i n  dec id  ng which s ta tes  a re  most 
impor tant  t o  r e t a i n  i n  a reduced model. 
Suppose t h e  o r i g i n a l  system m a t r i x  A i s  s tab le.  ( I f  t h i s  i s  no t  t he  case, 
The then A must be p a r t i t i o n e d  i n t o  a s t a b l e  and uns tab le  p a r t  as noted above. 
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d iscuss ion  t o  f o l l o w  app l i es  t o  the  s tab le  par t . )  
balanced fo rm,  we seek a t rans format ion  m a t r i x  T such t h a t  W, and Wo i n  
Eqs. (5.2.26) and (5.2.27) are  diagonal  and equal. 
by s o l v i n g  the  Liapunov Equations (5.2.28) and (5.2.29) f o r  t he  untransformed 
To cas t  the  equations i n t o  
Suppose Wc and Wo a re  found 
system. R, and Ro f o r  the  t ransformed system then become 
(5.3.5) gc = T - ~ w , T - ~ ;  no = T T W,T 
The t rans format ion  m a t r i x  T i s  found by cons ider ing  the  eigenvalue problem 
(5.3.6) [ w o  - AW,lIv = 0 
Assuming d i s t i n c t  eigenvalues, the  e igenvectors  s a t i s f y  
(5.3.7) T -1 T y.w y = 0; YjW0Yi = 0 J C  i i # j  
Form a square m a t r i x ,  r ,  f rom the  eigenvectors o f  (5.3.6). The m a t r i x  r w i l l  
s a t i s f y  
(5.3.8) r T WoT = d iagonal ,  r-l Wcr-T = diagonal  
We have reached p a r t  o f  our  goal by f i n d i n g  a m a t r i x  which d iagona l izes  bo th  
Wc and Wo. However, t he  columns o f  r are  n o t  y e t  un ique ly  de f i ned  because we 
have n o t  s p e c i f i e d  a normal izat ion.  This  remaining degree o f  freedom i s  used t o  
make Wc and Wo equal. Normalize the columns o f  r such t h a t  
Then, 
45 0 
(5.3.10) w, = wo = [ l1 . A n ]  
i = l,Z,...,n 
The A i ' s  a r e  c a l l e d  Hankel s i n g u l a r  values. Thus, when the  o r i g i n a l  system i s  
t ransformed us ing  T = r, o b s e r v a b i l i t y  and c o n t r o l l a b i l i t y  gramnians s a t i s f y  
(5.3.10). The transformed system i s  s a i d  t o  be a balanced r e a l i z a t i o n .  
59 
5.4 Mode 1 Reduct ion Us ing Ba lanced Rea 1 i z a t  ions 
We now consider  the i n t e r p r e t a t i o n  o f  Wc and Wo and examine how these 
mat r ices  can be used t o  mo t i va te  a model reduc t ion  procedure. 
r e a l i z a t i o n ,  A, and Wo a re  diagonal  and s a t i s f y  (5.3.10). 
the  c o n t r o l  e f f o r t  f u n c t i o n  E and the  response f u n c t i o n  R in t roduced i n  sec t i on  
5.2 become 
F o r  a balanced 
F o r  t h i s  s i t u a t i o n ,  
n 2  n 
(5.4.1) E = uTu dT: = E?; R = [ yTy dT: = E xEiAi 
0 i =1 0 i =1 
If Ai > A we can argue t h a t  l ess  e f f o r t  i s  requ i red  t o  move f r o m  the  o r i -  
j '  
g i n  t o  xfi than t o  move from the  o r i g i n  t o  xf j .  
a f f e c t e d  by u than x f j ,  i.e., xf i  i s  more con t ro l l ab le .  
t h a t  an i n i t i a l  c o n d i t i o n  on xoi r e s u l t s  i n  a l a r g e r  c o n t r i b u t i o n  t o  t he  
response than an i n i t i a l  c o n d i t i o n  on x 
Thus, xfi i s  more  s t r o n g l y  
S i m i l a r l y ,  we can argue 
i.e., xoi i s  more observable than o j  ' . Taking these observat ions together ,  we see t h a t  a s t a t e  xi w i t h  a l a r g e  x o j  
Ai i s  more c o n t r o l l a b l e  and observable than a s t a t e  x w i t h  a small A I f  
j j *  
model t r u n c a t i o n  i s  contemplated, i t  i s  i n t u i t i v e l y  appeal ing t o  r e t a i n  h i g h l y  
c o n t r o l l a b l e  and observable s ta tes ,  i.e., s ta tes  w i t h  l a r g e  A ' s .  Thus s ta tes  
corresponding t o  small values o f  A are  candidates f o r  t runcat ion .  I f  there  i s  
no gap separat ing the  s t a t e s  w i t h  l a r g e  A ' s  f rom those w i t h  small A's,  i t  may 
n o t  be c l e a r  where the  d i v i s i o n  should occur between the  re ta ined  s ta tes  and the  
d iscarded s tates.  Th is  i ssue may be resolved by consider ing the  convergence o f  
c o n t r o l  and es t ima to r  gains. See Chapters 6-9 and [ M G l ] .  
5.5 Asymptotic Expans ions f o r  the Balanced Singular Values o f  L ight ly Damped 
Mechan f ca 1 Sys terns 
As expla ined i n  Sect ion 4.2, c a l c u l a t i n g  Wc and Wo invo lves  the  s o l u t i o n  o f  
Liapunov equations. When Eqs. (5.2.1) and (5.2.2) descr ibe a s tab le ,  1 i g h t l y  
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damped mechanical system, the  approximate s o l u t i o n  o f  these L 
may be accomplished us ing p e r t u r b a t i o n  methods. This  sec t i on  
apunov Equat 
concerns the  
ons 
development o f  f i r s t  and second order  p e r t u r b a t i o n  so lu t i ons  f o r  Wc, Wo and 
t h e i r  balanced s i n g u l a r  values. 
The mechanical systems addressed i n  t h i s  sec t i on  a re  descr ibed by second 
order  equat ions o f  the  form: 
(5.5.1) M 4 + e D + K q = bu . 
(5.5.2) Y = cpq + cv q 
M, D and K a r e  symnetr ic and p o s i t i v e  d e f i n i t e  n x n mat r ices  w i t h  M being the 
mass ma t r i x ,  D the  damping m a t r i x  and K the  s t i f f n e s s  mat r ix .  ( A t  the  expense 
o f  some a d d i t i o n a l  complexi ty,  the  assumptions t h a t  D and K a re  symnetr ic could 
be re laxed i n  the  development t o  fo l low.  Ref. [ B M l ]  addresses the  case where a 
skew symmetric gyroscopic  m a t r i x  G i s  added t o  D and a skew symmetric c i r -  
c u l a t o r y  m a t r i x  F i s  added t o  K. The present  development i s  r e s t r i c t e d  t o  the  
case where G and F a r e  absent.) The m a t r i x  b i s  the i n p u t  d i s t r i b u t i o n  ma t r i x ,  
and u i s  t he  i n p u t  vec tor  represent ing e i t h e r  the c o n t r o l  o r  d is tu rbance input .  
The ou tpu t  vec to r  i s  y, and c and cv a re  the  p o s i t i o n  and v e l o c i t y  d i s t r i b u t i o n  
mat r ices ,  respec t ive ly .  The sca la r  E i s  a small parameter r e f l e c t i n g  the  l i g h t  
damping. By an appropr ia te  coord inate t ransformat ion,  these equat ions can be 
cas t  i n t o  a more convenient modal form: 
P 
(5.5.3) ( + € A f i + Q o = B u  2 
(5.5.4) 
. 
Y = cpo + Cvo 
I n  Eqs. (5.5.3) and (5.5.4),  R i s  a diagonal  m a t r i x  o f  modal f requencies.  The 
modal f requencies a re  assumed t o  be d i s t i n c t .  The damping m a t r i x ,  A, i s  sym- 
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m e t r i c  and p o s i t i v e  d e f i n i t e ,  b u t  i t  i s  n o t  presumed t o  be diagonal. 
ces B ,  C and C, a r e  t h e  i n p u t  and ou tpu t  d i s t r i b u t i o n  ma t r i ces  f o r  t h e  
P 
normal ized system. 
(5.5.3) and (5.5.4) i n  s t a t e  space form. L e t  
The m a t r i -  
For t h e  development t o  f o l l o w ,  we wish t o  express Eqs. 
c 
- w1 1 w12 
- w22 
4 2  € 
E 
r o  1 1  
(5.5.5) 
Then t h e  s t a t e  space ve rs ion  o f  (5.5.3) and (5.5.4) becomes: . 
(5.5.6) x = AX + BU 
(5.5.7) y = c x  
Consider f i r s t  t h e  s o l u t i o n  of t h e  Liapunov Equat ion (5.2.28) f o r  Wc. 
of t h e  spec ia l  s t r u c t u r e  o f  A and 6 ,  i t  i s  use fu l  t o  express W, i n  t h e  par -  
t i t i o n e d  form: 
Because 
wc = (5.5.8) 
The s c a l a r  e i s  i n t roduced  i n  Eq. (5.5.8) f o r  convenience i n  t h e  subsequent 
development. S u b s t i t u t i o n  o f  (5.5.5) and (5.5.8) i n t o  (5.2.28) leads t o  th ree  




W12 T + W12 = 0 
2 n2 = E W12A w22 - wll 
- . 
-(RLWl2 + Wi2"L) - (a WZ2 + WZ2A) + 8 8 '  = 0 
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These equat ions l ead  t o  some i n t e r e s t i n g  observations. F i r s t  we see t h a t  
W12 i s  skew symnetric. 
the  spec ia l  fo rm x = [rl 0 ] , i.e., t he  bottom h a l f  of t he  s t a t e  vec to r  i s  t h e  
Th is  r e s u l t s  f rom the  f a c t  t h a t  t he  s t a t e  vec to r  x has 
T * T  T 
d e r i v a t i v e  o f  t h e  t o p  h a l f .  
A second observat ion i s  t h a t  Eqs. (5.5.9-5.5.11) con ta in  e2 b u t  n o t  E. 
This  means t h a t  Wll, W12 a r e  func t i ons  o f  e L  and expansions o f  these matr ices 
2 should be i n  terms o f  E and n o t  E. 
With these observat ions i n  mind, we assume an expansion f o r  Wij i n  t he  
form: 
(5.5.12) 4 i j  + E wij + ... wij = uij+ c 2 v 
S u b s t i t u t i n g  t h i s  expansion i n t o  Eqs. (5.5.9-5.5.11) and s e t t i n g  c o e f f i c i e n t s  o f  
l i k e  powers o f  c 2  t o  zero leads t o  a s e t  o f  equat ions which can be solved 
sequen t ia l l y .  








U12 + U12 = 0 
2 u22 - UllR = 0 
-(Q 2 U12 + u12Q T 2  ) - (AuZ2 + ~ ~ ~ 1 1 )  + BB T = 0 




v~~ - vlR 2 = u12A 
-(R2v12 + v12R T 2  ) - (Av22 + v ~ ~ A )  = 0
E4 terms: 
W12 T + W12 = 0 (5.5.19) 
w~~ - wlR 2 + w12A = 0 (5.5.20) 
(5.5.21) -(RZwl2 + w12R T 2  ) - ( A w ~ ~  + w ~ ~ A )  = 0
etc. 
2 T Def ine  wi as t h e  ith diagonal  element o f  Q2, and (08 )ij, A i j  and ( u ~ ~ ) ~ ~  as the  
T i j  elements of BB , A and uka, respec t i ve l y .  Then, us ing  Eqs. (5.5.13 - 5.5.15) 
and t h e  assumption t h a t  t h e  modal f requencies a r e  d i s t i n c t ,  t h e  elements o f  
ul become: 
(ull is diagonal.) From (5.5.22) and (5.5.14), u22 becomes: 
2 
u22 = UllR (5.5.23) 
(u22 i s  a l s o  diagonal.) 
With the  elements o f  uZ2 known, i n t roduce  a m a t r i x  P d e f i n e d  as: 
A T  (5.5.24) P = $8 - ( A u ~ ~  + u22A) 





i # j  
T 
- wll 
E w12 $11 1 + E 2 v11 + ...I [U12 + E 2 v12 + . . .I 
+ ...I -[u + E v22 + 0 0 . 1  
- 
1 2 
- w22 + 6 5 2  E 22 
~ 4 2  E 
Next i n t roduce  ma t r i ces  S and T based on the  known s o l u t i o n  f o r  u12. 
A T 
Au12 (5.5.27) S = u12A - 
2 a (5.5.28) T = -(A2u12 + u12A ) 
Then, f rom (5.5.16 - 5.5.18), t he  elements o f  vl become 
i # j  (5.5.29) (VllIij = Sij/(Wi 2 2  - W j )  ; 
Using t h i s  express ion together  w i t h  (5.5.17) we o b t a i n  
CI 
(5.5.31) L V22 = VlR + u12A 
The expansion will no t  be c a r r i e d  beyond t h i s  p o i n t  because the  expressions 
become i n c r e a s i n g l y  unwieldy. 
one t o  w r i t e  o u t  t he  f i r s t  t h ree  terms i n  the  expansion f o r  Wc. 
r e c a l l  t h a t  
However, t he  expressions obta ined so f a r  pe rm i t  
To see t h i s ,  
(5.5.32) 
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0 A[ ull 
E 
O u22 
The expressions f o r  ull, u12, u22, V l l  and V22 a r e  g iven i n  Eqs. (5.5.22)- 
(5.5.31). 
For l i g h t l y  damped s t r u c t u r e s  (smal l  E ) ,  t he  formulas g iven above p rov ide  
an e f f i c i e n t  way t o  compute an approximat ion o f  the  c o n t r o l l a b i l i t y  gramnian. 
Using a s i m i l a r  approach, i t  i s  poss ib le  t o  develop approximate formulas f o r  the  
o b s e r v a b i l i t y  gramnian (see Appendix A).  The r e s u l t i n g  expressions f o r  Wc and 
Wo may be used t o  determine the  balanced r e a l i z a t i o n .  Examination o f  (5.5.32) 
and the  corresponding formula f o r  the  o b s e r v a b i l i t y  gramnian revea ls  t h a t  as E 
gets  smal ler ,  causing the  f i r s t  terms i n  the  expansions t o  dominate, W, and 
Wo tend t o  become diagonal .  
and the  diagonal  elements approximate the  squares o f  the  balanced s i n g u l a r  
values. 
approximate expressions as 
Thus, the  product  (Wc Wo) tends t o  become d iagonal ,  
Using the  r e s u l t s  o f  t h i s  chapter  and Appendix A, one can w r i t e  these 
[ith balanced s i n g u l a r  value] 
Thus when E i s  smal l ,  the modal coord inates themselves c o n s t i t u t e  a balanced 
r e a l i z a t i o n ,  and the  ith balanced s i n g u l a r  va lue i s  a measure o f  the  importance 
o f  the  ith mode o f  the  model. 
us ing a d i f f e r e n t  approach. 
A s i m i l a r  r e s u l t  was obta ined by Gregory [ G r l ]  
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Subsequent chapters w i l l  address the  quest ion o f  how many modes and which 
modes must be inc luded i n  a s t r u c t u r a l  model i n  o rder  f o r  the  compensator t o  
converge and s t a b i l i z e  the  nominal p lan t .  The procedure f o r  doing t h i s  invo lves  
beginning w i t h  a model o f  f i n i t e  s i ze  and g radua l l y  adding modes t o  the  model 
u n t i l  the  compensator converges. The speed o f  convergence and the u l t i m a t e  s i z e  
o f  the  requ i red  model a re  dependent i n  p a r t  on how good the  ana lys t  i s  i n  
s e l e c t i n g  t h e  modes t o  be added. The approximate formulas g iven above a l l o w  one 
t o  i d e n t i f y  which modes a r e  l i k e l y  t o  be the  most impor tant  ( t he  h i g h l y  
c o n t r o l l a b l e  and observable ones w i t h  l a r g e  balanced s i n g u l a r  values) so they can 
be added t o  the  model f i r s t .  Th s procedure helps keep the  s i z e  o f  the  model 
f rom g e t t i n g  too  large.  
5.6 I n t e r n a l  Balancing in  I n f i n i t e  Dimensions 
The idea o f  i n t e r n a l  ba lanc ing i n  f i n i t e  dimensions can be extended t o  
i n f i n i t e  dimensions. Th is  extens ion w i l l  y i e l d  balanced states  f o r  d i s t r i b u t e d  
systems, and these s ta tes  w i l l  be vec tors  i n  the  a b s t r a c t  s t a t e  spaces ( H i l b e r t  
spaces) i n  which the  d i s t r i b u t e d  models a re  formulated. 
Consider the  c o n t r o l  system 
(5.6.1) A = A X + B U ,  y = c x  
where x i s  i n  a H i l b e r t  space H, A generates an exponen t ia l l y  s t a b l e  semigroup 
on H, and B and C a r e  bounded l i n e a r  operators  o f  f i n i t e  rank. I n  app l i ca t i ons ,  
B and C have f i n i t e  rank because the  number o f  ac tua to rs  and the  number o f  sen- 
sors a re  f i n i t e .  
W, and Wo a r e  the  s o l u t i o n s  t o  the  opera tor  equat ions 
The c o n t r o l l a b i l i t y  and o b s e r v a b i l i t y  g r a m i a n  operators  
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(5.6.2) A*Wc + WcA + BB* = 0 and A Wo + WoA* + C*C = 0 
Since B and C have f i n i t e  rank, bo th  Wc and Wo a re  compact and s e l f a d j o i n t .  
can be shown, then, t h a t  t he  eigenvalue problem 
I t  
(5.6.3) 2 o c  i 1 w w  z = s . z i  
has a countable number o f  so lu t i ons ,  t h a t  the  s i n g u l a r  values si approach zero 
as i increases, and t h a t  the  e igenvectors  zi a re  mu tua l l y  orthogonal  w i t h  
respect  t o  bo th  Wc and Wo and complete i n  H. 
q u i t e  s i m i l a r  t o  those o f  t he  eigenvalue problem f o r  the  na tu ra l  modes o f  a 
f l e x i b l e  s t ruc tu re .  
an i n f i n i t e  dimensional c o n t r o l  system i s  a l s o  analogous t o  t h a t  o f  computing 
the  n a t u r a l  models o f  a s t ruc tu re .  
Note t h a t  these p r o p e r t i e s  a re  
The numerical problem o f  computing the  balanced s ta tes  o f  
The r e s u l t s  a l l u d e d  t o  here cou ld  be developed more f u l l y  and explored w i t h  
respect  t o  develop ing e f f i c i e n t  numerical methods f o r  computing the  balanced 
s ta tes  o f  t he  d i s t r i b u t e d  system. 
balanced s ta tes  w i l l  be e s p e c i a l l y  important.  
has n o t  been c a r r i e d  o u t  on t h i s  top ic .  
The approximat ion theory  f o r  computing 
To the  au thors '  knowledge, work 
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6. The I n f i n i t e  Dimensional LQG Problem 
Sect ion 6.1 o f  t h i s  chapter presents  some p r e l i m i n a r y  d e f i n i t i o n s  and 
r e s u l t s  f o r  t he  opt imal  1 inear -quadra t ic  regu la to r  problem on an a r b i t r a r y  rea l  
H i l b e r t  space E. These r e s u l t s  a re  gener ic  i n  the  sense t h a t  E i s  n o t  
necessa r i l y  the  Energy space o f  Chapters 3 and 4, and the operators  A, B, etc., 
do n o t  necessa r i l y  represent a f l e x i b l e  s t ruc tu re .  
gener ic  r e s u l t s  f a c i l i t a t e  d e r i v a t i o n  o f  approximat ion theory  f o r  t he  i n f i n i t e  
dimensional s t a t e  es t imator  f rom the analogous approximat ion theory  f o r  t he  
c o n t r o l  problem. 
I n  subsequent chapters, such 
Sect ion 6.2 discusses an i n f i n i t e  dimensional State es t imator  f o r  the 
gener ic  p l a n t  i n  Sect ion 6.1, an i n f i n i t e  dimensional compensator and the  corre-  
sponding closed- loop system. The purpose o f  Sect ion 6.2 i s  t o  e s t a b l i s h  c e r t a i n  
p r o p e r t i e s  o f  the  est imator ,  compensator and closed- loop system t h a t  do no t  
depend on the  c o n t r o l  and es t imator  ga ins being opt imal.  Therefore, the  gains 
i n  Sect ion 6.2 are  a l lowed t o  be a r b i t r a r y  bounded l i n e a r  operators  between 
appropr ia te  spaces, and n e i t h e r  the  es t imator  nor  the  compensator i s  necessar i l y  
opt imal.  
Sect ion 6.3 def ines the  LQG-optimal i n f i n i t e  dimensional e s t i m a t o r  and com- 
pensator, s t i l l  f o r  a gener ic  p lan t .  F i n a l l y ,  Sect ion 6.4 g ives  some impor tant  
i m p l i c a t i o n s  o f  t he  general r e s u l t s  f o r  the  case where the  p l a n t  i s  t he  i n f i n i t e  
dimensional f l e x i b l e  s t r u c t u r e  model de f ined i n  Chapter 3.  
Most o f  t he  r e s u l t s  i n  t h i s  chapter  a r e  analogous t o  r e s u l t s  f o r  the  f i n i t e  
dimensional LQG opt imal  c o n t r o l  problem, w i t h  i n f i n i t e  dimensional operators  
corresponding t o  f i n i t e  dimensional matr ices.  In p a r t i c u l a r ,  ins tead o f  the  
c o n t r o l  and es t imator  ga in  mat r ices  i n  f i n i t e  dimensions, here we have ga in  
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operators.  The func t iona l  ga ins  i n  Sect ion 6.4 can be thought o f  as a genera l i -  
za t i on  o f  the  transposes o f  f i n i t e  dimensional ga in  matr ices,  a l though the  r e l a -  
t i o n s h i p  between func t i ona l  ga ins  and i n f i n i t e  dimensional ga in  opera tors  i s  n o t  
so simple. 
6.1 The Generic Optimal Regulator Problem 
L e t  a l i n e a r  operator  A generate a Co-semigroup T ( t )  on a r e a l  H i l b e r t  space 
E, and suppose t h a t  B E L(Rm,E), t h a t  Q E L(E) i s  nonnegative and s e l f a d j o i n t  
and t h a t  R i s  a p o s i t i v e  d e f i n i t e ,  symnetr ic r e a l  m x m mat r ix .  
cont ro l  p r o b l m  on E i s  t o  choose the  c o n t r o l  f u n c t i o n  u e L2(0, m; Rm) t o  m i n i -  
mize the  performance index 
The opt imal 
m 
(6.1.1) J ( Z ( o ) , U )  = (<Q z ( t ) ,  z ( t ) > E  + u ( t ) T  R u ( t ) )  d t  
0 
where the  s t a t e  z ( t )  s a t i s f i e s  
t 
(6.1.2) z ( t )  = T ( t )  z(0) + T(t-s)Bu(s) ds, t 2 0. 
0 
D e f i n i t i o n  6.1. 
i n i t i a l  s t a t e  z ,  o r  s imply an admissible cont ro l  f o r  z ,  i f  J(z,u) i s  f i n i t e ;  
i.e., i f  the  s t a t e  z ( t )  corresponding t o  the  con t ro l  u ( t )  and the  i n i t i a l  con- 
d i t i o n  z(0) = z i s  i n  L2(0, -; E). 
A f u n c t i o n  u E L2(0, m; Rm) i s  an admissible cont ro l  f o r  the 
D e f i n i t i o n  6.2. L e t  the  operators  A, B, Q and R be as de f ined above. 
t o r  II i n  L ( E )  i s  a s o l u t i o n  o f  t he  R i c c a t i  a lgeb ra i c  equat ion i f  II maps the  
domain o f  A i n t o  the  domain o f  A* and s a t i s f i e s  the  R i c c a t i  a lgeb ra i c  equat ion 
An opera- 
(6.1.3) A* n + n A - n B R - ~ B *  n + Q = 0. vvv 
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Theorem 6.3 (Theorems 4.6 and 4.11 o f  [Gi4]). 
s e l f a d j o i n t  s o l u t i o n  o f  t he  R i c c a t i  a lgeb ra i c  equat ion i f  and on ly  i f ,  f o r  each 
z E E, t he re  i s  an admiss ib le  con t ro l  f o r  the i n i t i a l  s t a t e  z. I f  II i s  the  
minimal nonnegative s e l f a d j o i n t  s o l u t i o n  o f  (6.1.3), then the  unique c o n t r o l  
u ( * )  t h a t  min imizes J(z,u) and the corresponding opt imal  t r a j e c t o r y  z ( - )  a re  
g iven by 
There e x i s t s  a nonnegative 
(6.1.4) 
and 
(6.1.5) z ( t )  = S ( t )  2 ,  
where S ( t )  i s  t he  semigroup generated by (A - BR-'B*II). Also, 
(6.1.6) J(z,u) = min J(z,v) = <11 z, z > ~  . 
V 
I f ,  f o r  each i n i t i a l  s t a t e  and admiss ib le  con t ro l ,  
(6.1.7) l i m  I z ( t ) l  = 0, 
t->- 
there  e x i s t s  a t  most one nonnegative s e l f a d j o i n t  s o l u t i o n  o f  (6.1.3). I f  Q i s  
coercive,  (6.1.7) ho lds f o r  each i n i t i a l  s t a t e  and admiss ib le  c o n t r o l  and S ( t )  
i s  uniformly exponentially stable. VVV 
We w i l l  r e f e r  t o  T ( t )  as the  open-loop semigroup and t o  S ( t )  as the  closed- 
loop semigroup. 
6.2 An I n f  in  i t e  Dimensional Es t  imator and the Corresponding Cmpensator and 
C losed-Loop System 
The d i f f e r e n t i a l  equat ion corresponding t o  (6.1.2) i s ,  o f  course, 
(6.2.1) ;(t) = Az( t )  + Bu( t ) ,  t > 0. 
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While (6.1.2) i s  v a l i d  f o r  any u E L2(0, -; Rm), the  sense i n  which (6.2.1) 
holds -- when i t  holds -- depends on how smooth u i s .  Thus i t  i s  more  p rec i se  
t o  w r i t e  (6.1.2) f o r  a r b i t r a r y  L2 con t ro l s ,  b u t  con t inu ing  t o  w r i t e  (6.1.2) i n  
t h i s  sect ion,  a long w i t h  the  s i m i l a r  i n t e g r a l  equat ions f o r  the  es t imator  and 
closed- loop system, would be too  cumbersome. Therefore,  we w i l l  w r i t e  the  d i f -  
f e r e n t i a l  equat ions w i t h  the  understanding t h a t  when necessary they can be 
i n t e r p r e t e d  as represent ing  the  appropr ia te  i n t e g r a l  equations. 
We assume t h a t  we have a p-dimensional measurement vec to r  y ( t )  g iven  by 
(6.2.2) y ( t )  = C 0 U ( t )  + Cz ( t ) ,  
m P  where C0e L(R ,R ) and C E L(E,Rp) f o r  some p o s i t i v e  i n t e g e r  p. 
Def in i t ion  6.4. For any ? E L(Rp,E), t he  system 
(6.2.3) i ( t )  = A2( t )  + Bu( t )  + ?[y(t) - Cou( t )  - C2( t ) ] ,  t > 0, 
w i l l  be c a l l e d  an es t imator ,  o r  observer, f o r  t he  system (6.2.1)-(6.2.2). Le t  
S ( t )  be the semigroup generated by A - k .  
(un i fo rm ly  exponen t ia l l y )  s t a b l e  i f  i ( t )  i s  s t r o n g l y  (un i fo rm ly  exponent ia l l y )  
s tab le.  VVV 
The observer i n  (6.2.3) i s  s t rong ly  
To j u s t i f y  t h i s  d e f i n i t i o n ,  we w r i t e  
(6.2.4) e ( t )  = z ( t )  - 2 ( t )  
and, w i t h  (6.2.1)-(6.2.3), o b t a i n  
Of course, an es t imator  i s  necessary because the  f u l l  s t a t e  z ( t )  w i l l  no t  be 
a v a i l a b l e  f o r  d i r e c t  feedback, and the  feedback c o n t r o l  must be based on an 
est imate such as ?(t). When the  des i red  con t ro l  law has the  form 
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(6 .2.6)  u ( t )  = F z ( t )  
f o r  some F e L(E,Rm), the observer i n  (6.2.3) can be used t o  cons t ruc t  z ( t )  from 
the  measurement i n  (6.2.2) and then the  con t ro l  law i n  (6 .2.6)  can be app l i ed  t o  
2 ( t ) .  The c o n t r o l  app l i ed  t o  the  system i s  then 
(6 .2 .7)  u ( t )  = F 2 ( t ) ,  
and the  r e s u l t i n g  c losed- loop system s a t i s f i e s  
(6 .2 .8)  
where S=- ( t )  i s  the  semigroup generated on E x E by 
[ A  -BF 1 
(6 .2 .9)  
With the  es t imator  e r r o r  e ( t )  de f ined by (6 .2.4 
(6 .2 .8)  i s  equ iva len t  t o  (6 .2.5)  and 
t 2 0, 
the  opera tor  
D ( A )  x D ( A ) .  
, i t  i s  easy .D show t h a t  
(6 .2.10)  i ( t )  = (A-BF) z ( t )  + BF e ( t ) ,  t > 0, 
where (A-BF) generates a semigroup S ( t )  on E. A l s o ,  i t  i s  easy t o  prove the  
fo l l ow ing .  
Theorem 6.5. Suppose t h a t  t he re  e x i s t  p o s i t i v e  constants M I ,  M 2 ,  al and a, such 
t h a t  
-alt -a2t  
(6 .2 .11)  I s < t > l  M1 e 9 IS( t ) l  I M,e , t > 0. 
Then, f o r  each r e a l  a3 < min [al, a,), there  e x i s t s  a constant  M3 such t h a t  
-a3 t 
(6.2.12) IS,(t,l M3e 9 t 2 0. 
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A1 so,  
(6.2.13) o(A,) = o(A-BF) U o(A-fC) , 
where a(A,) i s  t he  spectrum o f  A,.
The observer i n  (6.2.3) and t h e  c o n t r o l  law i n  (6.2.7) c o n s t i t u t e  a compen- 
s a t o r  f o r  t h e  c o n t r o l  system i n  (6.2.1) and (6.2.2). The t r a n s f e r  f u n c t i o n  o f  
t h i s  compensator i s  
-1 A (6.2.14) #(s) = - F ( s I  - [A-BF+f(COF-C)]) F, 
which i s  an m x p m a t r i x  f u n c t i o n  o f  t he  complex v a r i a b l e  s. When E has i n f i -  
n i t e  dimension, the compensator t r a n s f e r  f u n c t i o n  i s  i r r a t i o n a l ,  except i n  
degenerate, u s u a l l y  unimportant cases. F igu re  6.1 shows the b l o c k  diagram 
t h e  c losed- loop system produced by app y i n g  t h i s  compensator t o  t h e  p l a n t  
(6.2.1) and (6.2.2). 
o f  
n 
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y = (Co + C [SI - A 1 - l  6 )  u 
~~ 
I n f i n i t e  Dimensional P l a n t  
i = [A-BF+f(COF-C)] 2 + p y 
u = - F f  
1 u = - F(s1 - [A-BF+f(CoF-C)])-l ? y 1 
I n f i n i t e  Dimensional Compensator 
F i g u r e  6.1 Closed-loop System w i t h  I n f i n i t e  Dimensional P l a n t  
and I n f i n i t e  Dimensional Compensator 
The fo rego ing  d e f i n i t i o n s  o f  t h i s  s e c t i o n  and Theorem 6.5 a r e  s t r a i g h t f o r -  
ward g e n e r a l i z a t i o n s  t o  i n f i n i t e  dimensions o f  o b s e r v e r - c o n t r o l l e r  r e s u l t s  i n  
f i n i t e  dimensions. Balas [Ba2, Ba3] and Schumacher [ S C ~ ]  have used s i m i l a r  
extensions. 
6.3 The Optimal I n f i n i t e  Dimensional Estimator,  Canpensator and Closed-Loop 
system 
Now suppose t h a t  i s  chosen as 
- fi c* i - 1  (6.3.1) F =  
where E L(E)  i s  t h e  minimal nonnegative s e l f a d j o i n t  s o l u t i o n  t o  t h e  R i c c a t i  
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equat i on 
w i t h  
p x p mat r ix .  
i ,  fi and i * ( t ) )  g ives  s u f f i c i e n t  cond i t ions  f o r  fi t o  e x i s t  and f o r  t he  semigroup 
i * ( t )  -- and e q u i v a l e n t l y  i t s  a d j o i n t ,  the  i ( t )  generated by A - fiC R C -- t o  
be un i fo rm ly  exponen t ia l l y  s tab le.  
E L(E) nonnegative and s e l f a d j o i n t  and i a p o s i t i v e  d e f i n i t e  symnetr ic 
Theorem 6.3 ( w i t h  A, 8, Q, R, n and S ( t )  rep laced by A*, C*, 6, 
tA-1 
D e f i n i t i o n  6.6. When the  c o n t r o l  ga in  operator  i s  
(6.3.3) F = R-'B* n ,  
w i t h  ll the s o l u t i o n  t o  the  R i c c a t i  equat ion (6.1.3), and the  es t imator  ga in  
operator  i s  g iven  by (6.3.1) and (6.3.2), we c a l l  t he  compensator and the  
closed- loop system i n  F igure  6.1 the opt imal  i n f i n i t e  dimensional compensator 
and opt imal  c losed- loop system, ' respect ive ly .  
The i n f i n i t e  dimensional es t imator  de f ined by (6.2.3), (6.3.1) and (6.3.2) 
i s  the  opt imal  es t ima to r  f o r  t he  s tochas t i c  ve rs ion  o f  (6.2.1) and (6.2.2) when 
(6.2.1) i s  d i s t u r b e d  by a s t a t i o n a r y  gaussian wh i te  no ise  process w i t h  zero mean 
and covar iance opera tor  6 and the  measurement i n  (6.2.2) i s  contaminated by 
s i m i l a r  no ise  w i t h  covar iance i .  For i n f i n i t e  dimensional s tochas t i c  es t ima t ion  
and con t ro l ,  see [Bal, CP21. When the  s t a t e  we igh t ing  opera tor  Q i n  (6.1.1) i s  
t r a c e  c lass,  t he  opt imal  i n f i n i t e  dimensional compensator minimizes the  time- 
average o f  t he  expected s teady-state va lue o f  t he  in tegrand i n  (6.1.1). 
E x i s t i n g  theory  f o r  s tochas t i c  con t ro l  o f  i n f i n i t e  dimensional systems requ i res  
t race-c lass 6, b u t  we have a w e l l  de f ined compensator f o r  any bounded non- 
negat ive s e l f a d j o i n t  6 and Q, as long as the  so lu t i ons  t o  the  R i c c a t i  equat ions 
e x i s t .  As the  nex t  chapter  shows (w i thout  assuming t race-c lass  i ) ,  the  i n f i -  
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n i t e  dimensional compensator i s  t h e  l i m i t  o f  a sequence o f  f i n i t e  dimensional 
compensators, each o f  which can be i n t e r p r e t e d  as an opt imal  LQG compensator f o r  
a f i n i t e  dimensional model o f  t he  s t ruc tu re .  Therefore, we do n o t  r e q u i r e  
compensator, even though t h i s  
em o n l y  when i s  t r a c e  class.  
t race-c lass  6 i n  our d e f i n i t i o n  o f  t he  
compensator solves a p rec i se  op t im iza t  
op t  i ma 1 
on prob 
Th is  t e x t  i s  concerned p r i m a r i l y  w i t h  how the f i n i t e  dimensional compen- 
sa tors  i n  Chapter 7 converge t o  the  i n f i n i t e  dimensional compensator i n  t h i s  
chapter, and the  ana lys i s  o f  t h i s  convergence requ i res  o n l y  the  theory  o f  i n f i -  
n i t e  dimensional R i c c a t i  equat ions f o r  d e t e r m i n i s t i c  opt imal  c o n t r o l  problems 
and the  corresponding approximat ion theory. While the  s tochas t i c  i n t e r p r e t a t i o n  
o f  t he  i n f i n i t e  dimensional compensator and, i n  Sect ion 4 o f  Chapter 7, o f  the  
f i n i t e  dimensional es t imators  should be mo t i va t i ona l ,  no th ing  i n  the  r e s t  o f  the 
paper depends on a s tochas t i c  formulat ion.  We assume t h a t  the  operators  Q, R, 6 
and 6 are  determined by some design c r i t e r i a ,  e i t h e r  s tochas t i c  o r  de te r -  
m i n i s t i c .  I n  many engineer ing app l i ca t i ons ,  d e t e r m i n i s t i c  c r i t e r i a  such as the  
s t a b i l i t y  margin and robustness o f  the  c losed- loop system [ B l l ,  TS l ] ,  r a t h e r  
than a s tochas t i c  performance index and an assumed no ise  model, govern the  
choice o f  Q, R, 6 and i .  
6.4 Appl icat ion t o  Optimal Control o f  F l e x i b l e  Structures 
For the  r e s t  o f  t h i s  chapter,  Ao, A1, A, T ( t ) ,  Bo, B, C1, C2 and C a re  the 
operators  de f ined i n  Chapter 3 ,  and E = V x H i s  t he  energy space de f ined there.  
The nex t  theorem concerns a t y p i c a l  problem i n  c o n t r o l  o f  aerospace s t ruc -  
tu res :  A l l  e l a s t i c  components have some s t r u c t u r a l  damping; no damping i s  asso- 
c i a t e d  w i t h  t h e  r ig id -body  modes b u t  a l l  r ig id -body  modes a re  con t ro l l ab le .  
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(This  i s  the  case w i th  the  s t r u c t u r e  i n  Sect ion 9 o f  Chapter 3 ,  f o r  example.) 
For  a l l  r ig id -body  modes t o  be c o n t r o l l a b l e ,  an ac tua to r  i s  requ i red  f o r  each 
r ig id -body  mode. 
c1 
Theorm 6.7. 
a re  H-coercive, so t h a t  there  e x i s t  p o s i t i v e  constants p, y and B such t h a t ,  f o r  
a l l  v e V, 
i) Suppose t h a t  AI = BOB; and t h a t  KO = A. + A1 and do = do + A1 
(6.4.1) I v l  2 2 P I 4  2 
V H 
(6.4.2) 
(The V-con t inu i t y  o f  do imp l i es  (6.4.3).)  
negat ive s e l f a d j o i n t  s o l u t i o n  II. 
S i )  Suppose a l s o  t h a t  
Then (6.1.3) has a minimal non- 
Then the  opt imal  c losed- loop semigroup s a t i s f i e s  
-a2 t  (6.4.6) I s ( t ) l  5 M2 e , t > 0, 
where M2 and a2 a re  p o s i t i v e  constants  depending on p, y and #3 only.  
Proof. See [GAZ]. 
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Now we w i l l  cons ider  the  s t r u c t u r e  o f  t he  opt imal  c o n t r o l  law i n  more 
d e t a i l .  Since II E L(E) and E = V x H, we can w r i t e  
(6.4.7) =0 n =  [ 
n; n2 1 1 
no E L(V),  111 E L(H,V), 112 E L(H), and IIo and 112 a r e  nonnegative and s e l f -  
a d j o i n t .  Wi th  z = ( x , i ) ,  as i n  Chapter 3 ,  (6.1.4) becomes 
(6.4.8) u ( t )  = - R-’Bg*[II; x ( t )  + 112 ;(t)]. 
Since Bo E L(Rm,H), we must have vec tors  bi E H, 1 I i I m, such t h a t  
m 
7 
(6.4.9) B0u = L bi ui 
i =1 
f o r  
T m  (6.4.10) u = [u, u2 0 . .  urn] E R . 
Also ,  f o r  h E H, 
(6.4.11) Bg*h = [<bl,h>H <b2,h>H ... <bm,h>H] T . 
Since II;x(t) and II,A(t) are  elements o f  H, we see f rom (6.4.8) and (6.4.11) 
t h a t  t h e  components o f  t h e  opt imal  c o n t r o l  have the  feedback form 




(6.4.13a) fi = E (R-l)ijIIlbj, 
A n =  
m 
j = l  




i = 1,2,...,m. 
We c a l l  fi and gi func t iona l  con t ro l  gains. 
Since t h e  measurement opera tor  C i n  (6.2.2) now has t h e  form discussed i n  
Sec t ion  7 o f  Chapter 3, t h e  es t ima to r  g a i n  opera tor  f has t h e  form 
(6.4.14) 
f o r  y = [ 
i =1 
T . yi ... yp] E Rp, where t h e  func t iona l  est imator gains ii and a r e  
elements o f  V and H, respec t i ve l y .  
For t h e  op t ima l  es t ima to r  gains,  we can p a r t i t i o n  'r as 
(6.4.15) 
and use (6.3.1) and (3.7.4) t o  g e t  
(6.4.16a) 
(6.4.16b) s i  - -f  
j = l  
i = 1,2 ,..., p. 
NOW we p a r t i t i o n  ij as 
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(6.4.17) 
I n  the  opt imal  c o n t r o l  problem, we almost always have a nonzero Q, because t h i s  
ope ra to r  penal izes the  genera l i zed  displacement. For  t h e  r e s u l t s  i n  t h i s  t e x t ,  
io can be nonzero i n  the  observer problem, and, as i n  t h e  c o n t r o l  problem, some 
o f  t h e  s t ronges t  convergence r e s u l t s  f o r  f i n i t e  dimensional approximat ions can 
be proved only f o r  coe rc i ve  6. 
an op t ima l  f i l t e r ,  then 6 should be t h e  covar iance operator  o f  t h e  no ise  t h a t  
However, i f  the observer i s  t o  be thought o f  as 
A A 
d i s t u r b s  (3.1.1). I n  t h i s  case, Qo = 0 and Q, = 0. 
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7. Approximat ion f o r  the LQG Problem 
7.1 P r e l  imfnaries 
The approximat ing f i n i t e  dimensional LQG problems t o  be so lved numer i ca l l y  
I n  a r e  de f i ned  f o r  the  n t h  approximat ing c o n t r o l  system i n  (4.1.2) - (4.1.8). 
approximat ing the  s o l u t i o n s  t o  the  i n f i n i t e  dimensional LQR problem and the  
i n f i n i t e  dimensional s t a t e  es t ima t ion  problem, we w i l l  need the  f o l l o w i n g  
2n x 2n gramnian matr ices:  
(7.1.1) i?" = [<ei, e.> 1 = K~ + [ < A ~  ei, e > I ,  J v  j H  
(7.1.2) wn = [ y in]. 
(Recal l  t he  s t i f f n e s s  m a t r i x  Kn and the  mass m a t r i x  Mn f rom (4.1.3).) 
superscript n on any m a t r i x  indicates the order of approximation, not a power o f  
the m a t r i x ;  the m a t r i x  W-" w i l l  be the  inverse o f  p. 
The 
To cons t ruc t  t he  f i n i t e  dimensional  compensators, we must assume the  
fo l l ow ing :  
Hypothesis 7.1. There e x i s t  two sequences o f  symmetric, nonnegative 2n x 2n 
mat r ices  en and en, n = 1, 2, ... VVV Y 
c1 
The mat r i ces  in and in w i l l  be used i n  the  R i c c a t i  m a t r i x  equat ions t o  be 
solved numer ica l l y  f o r  f i n i t e  dimensional c o n t r o l  and es t ima to r  gains. O f  
course, we want these mat r ices  t o  be r e l a t e d  t o  approximat ions o f  t he  operators  
Q and 6 ,  respec t i ve l y ,  b u t  we w i l l  postpone hypotheses r e l a t e d  t o  opera tor  con- 
vergence u n t i l  the next  chapter. F o r  now we j u s t  w i l l  g i v e  the most comnon way 
rn 
o f  d e f i n i n g  an and Q . 
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The m a t r i x  0' most o f t e n  i s  de f ined t o  be the  nonnegative, symnetr ic 2n x 2n 
m a t r i x  
(7.1.3) 
whose n x n b locks  a re  
(7.1.4) 
where Qo, Q, 
The mos 
b u t  t he re  i s  
and Q, a re  the  operators  i n  Chapter 6, Sect ion 4. 
Y 
comnon way o f  d e f i n i n g  the  m a t r i x  in s s i m i l a r  t o  t h a t  f o r  an, 
an impor tan t  d i f fe rence.  I f  the  operator  6 i n  Sect ion 6.3 i s  par-  
t i t i o n e d  as i n  (6.4.16) and a symnetr ic m a t r i x  on i s  de f ined as i n  (7.1.4) w i t h  - 
Q,, Q, and Q, rep laced by io, i1 and iz,  then 
(7.1.5) 
Y 
i n  - w-n 5n w-n. 
- 
Thus def ined,  the  mat r ices  on and in are r e l a t e d  t o  approximat ions o f  t he  
opera tors  Q and 8 i n  the  f o l l o w i n g  way. We d e f i n e  Qn = PEnQIEn and in = P i I  
En En 
where P i s  t h e  p r o j e c t i o n  i n  (4.2.16),.and 
m a t r i x  representa t ions  o f  Qn and in, respect  
En 
n n  (7.1.6) Q n = W  Q 
and 
Y 
(7.1.7) i n  = i n  w-n* 
we d e f i n e  Qn and in t o  be the  
vely.  I t  fo l lows,  then, t h a t  
I t  i s  i n t e r e s t i n g  t o  consider  the  case Q = 6 = I .  The s t a t e  we igh t ing  
opera tor  Q = I (i.e., Qo = I, Q, = 0, Q, = I) i n  the  i n f i n i t e  dimensional 
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c o n t r o l  problem pena l i zes  the  sum o f  t he  t o t a l  energy i n  t h e  s t r u c t u r e  and t h e  
squares o f  any r i g id -body  displacements. 
dimensional e s t i m a t o r  problem corresponds t o  no phys i ca l  noise; nonetheless, our 
approximation theo ry  a l l ows  6 = I, and we o f t e n  have found t h a t  a coe rc i ve  G 
produces d e s i r a b l e  s t a b i l i t y  p r o p e r t i e s  i n  t h e  est imator.  
The operator  6 = I i n  the  i n f i n i t e  
CI 
For 6 = Q = I ,  (7.1.6) and (7.1.7) y i e l d  fin = Wn and 6' = W-'. Th i s  may 
appear dubious. Indeed, (7.1.6) and (7.1.7) may appear t o  v i o l a t e  t h e  normal 
d u a l i t y  between t h e  LQG c o n t r o l  and es t ima to r  problems. However, examination 
o f  t he  performance index i n  (7.2.1) f o r  t he  f i n i t e  dimensional c o n t r o l  problems 
and the  s t o c h a s t i c  i n t e r p r e t a t i o n  i n  Sect ion 7.6 o f  t he  f i n i t e  dimensional e s t i -  
mators should demonstrate t h a t  (7.1.6) and (7.1.7) a r e  n a t u r a l  from bo th  t h e  
i n f i n i t e  dimensional and t h e  f i n i t e  dimensional perspect ives.  
Y 
While t h e  6" and 4" i n  (7.1.3)-(7.1.7) o f t e n  a re  used i n  the  f i n i t e  dimen- 
s iona l  LQG problems, the  r e s t  o f  t h i s  chapter assumes o n l y  Hypothesis 7.1. 
7.2 Approximation o f  the Optimal Control Law 
7.2.1 The F i n i t e  Dimensional LOR Problems 
The n t h  opt imal  LQR problem i s :  g iven q(0) E RZn choose u E L2(0,-;Rm) t o  
m i  n i m i  ze 
where q ( t )  = [e(t)T,t(t)T]T s a t i s f i e s  (4.1.4). We assume: 
Hypothesis 7.2. 
c o n t r o l  ( D e f i n i t i o n  6.1) f o r  (4.1.4) and (7.2.1). 
For each n 2 1 and q(0) E RZn, there e x i s t s  an admissible 
84 
A s u f f i c i e n t  c o n d i t i o n  f o r  Hypothesis 7.2 i s  t h a t ,  f o r  each n, t he  system (An, 
Bn) be s t a b i  1 i zab le .  
By Theorem 6.1 ( o r  standard f i n i t e  dimensional opt imal  c o n t r o l  theory) ,  the 
opt imal  c o n t r o l  u n ( t )  has the  feedback form 
(7.2.2) un ( t )  = -Fn n ( t )  
where 
(7.2.3) Fn - R-l BnT fin 
and fin i s  t h e  minimal nonnegative, symnetr ic s o l u t i o n  t o  the  R i c c a t i  m a t r i x  
equa t i on 
nT -n -n n -n n 1 , p T  fin + on 
(7.2.4) A II + 1 1  A -II B R- = 0. 
7.2.2 Approximating Functional Control Gains 
Now we d e f i n e  the  2n x m m a t r i x  
(7.2.5) Gn - W-n FnT 
and t h e  f o l l o w i n g  elements o f  V,: 
(7.2.6) f i n  =f Gji e j ,  g i n  - Gjl e j  , 
2n 
- 
j = l  j =n+l 
i = 1, 2, ..., m. 
Then, i n  v iew o f  (4.1.1) and (4.1.5), t he  ith component o f  t h e  nth c o n t r o l  law 
i n  (7.2.2) i s  
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(7.2.7) uin(t) = - [ith column of Gn] Wntl(t) 
. 
= - <fin, x,(t)>" - <gin, xn(t)>,,, i = 1, 2, ..., m. 
We call f i n  and g i n  approximating functional control gains. 
will see how f i n  and g i n  approximate the functional control gains fi and gi in 
(6.4.12). 
In Chapter 8, we 
7.3 Approximation o f  the I n f i n i t e  Dimensional Estimator 
7.3.1 The F i n i t e  Dimensional Estimators 
I The finite dimensional state estimator that is used on-line to approximate , 
the optimal infinite dimensional estimator in Chapter 6 is 
(7.3.1) 
. 
6 = An + Bn u + F (y - C0u - Cn{) 
where i ( t )  E R2n and Cn is the matrix in Section 1 of Chapter 4. The Zn x p gain 
I matrix Fn is 
Y 
(7.3.2) fn = fin (Cn)T R-l 
LI 
where fin is the minimal nonnegative, symnetric solution to 
(7.3.3) 
Y M Y M Y 
n -n A II + in (An)T - fin CnT R-l Cn fin + 6 = 0 
c1 I 
and 6' is a nonnegative, symnetric 2n x 2n matrix, as in Section 7.1. We assume 
I 
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Hypothesis 1.3. For each n 2 1, there  e x i s t s  a nonnegative, symnetr ic s o l u t i o n  
t o  (7.3.3).  
A s u f f i c i e n t  c o n d i t i o n  f o r  Hypothesis 7.3 i s  t h a t  t he  p a i r  (AnT, CnT) be 
s t a b i l i z a b l e .  
- 
I f  (A", in) i s  detectable,  then (7.3.3) has a t  most one non- 
negat ive symnetr ic  so lu t ion .  
7.3.2 The Approximating Funct iona 1 Estimator Gains 
We d e f i n e  
n 2n 
j=l  j = n + l  
A 
(7.3.4) f i n  = E Fyi e j  i i i n  = 1 Fji An e j9  i = 1, 2, ..., p ,  
where fn i s  the  es t imator  ga in  m a t r i x  i n  (7.3.2), and we c a l l  tin and Gin 
approximating func t iona l  est imator gains. 
g i n  
(6.4.15). 
ments o f  V and H, respec t ive ly .  
I n  Chapter 8, we w i l l  see how fin and 
A 
approximate the  func t i ona l  es t imator  ga ins fi and gi i n  (6.4.13) and 
A 
We note  t h a t  fin and gin a r e  elements o f  Vn w h i l e  fi and ii a r e  e l e -  
7.4 The F i n i t e  Dimensional Cunpensators and the Real fzable Closed-Loop Systems 
The n t h  canpensator cons is t s  o f  t he  c o n t r o l  law i n  (7.2.2) a p p l i e d  t o  the  
ou tpu t  o f  t h e  nth es t imator  i n  (7.3.1); i.e., t he  c o n t r o l  law f o r  t he  compen- 
s a t o r  i s  
(7.4.1) u n = - F q  nA 
where the  c o n t r o l  g a i n  m a t r i x  Fn i s  g i ven  by (7.2.3). The b lock  diagram in 
Figure  7.1 shows t h e  r e a l i z a b l e  c losed- loop system t h a t  r e s u l t s  f rom the  nth 
compensator. We w i l l  r e f e r  t o  t h i s  system as the  nth closed-loop system. 
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. 
z = A z + B u  
y = c o u + c z  ' 
n t h  Compensator 
F igure  7.1. nth Closed-Loop System 
* 
The t r a n s f e r  f u n c t i o n  o f  the  nth compensator i s  
. 
i = [ A ~  - B ~ F ~  + ? ' ( c ~ F ~  - cn)];l + Fny 
na u , = - F o  
(7.4.2) n n n a n  n n -1-n ~ J S )  = -F"(SI - [ A  -B F +F ( C ~ F  -c ) ] )  F , 
which i s  an m x p m a t r i x  f u n c t i o n  o f  the  complex v a r i a b l e  s f o r  each n, as i s  
the  s i m i l a r  t r a n s f e r  f u n c t i o n  O ( s )  i n  (6.2.14) f o r  the  i n f i n i t e  dimensional 
c omp e n sa t  o r . 
7.5 H i l b e r t  Space Representat ion o f  the F i n i t e  D imens iona 1 Canpensators and 
Assoc i a  ted R iccat  i €quat ions 
Recal l  f rom Chapter 4 the  r e l a t i o n s h i p s  among x n ( t ) ,  zn ( t ) ,  c ( t )  and q ( t ) .  
(See (4.1.1) - (4.1.6) and (4.2.1).) From here on the  mat r ices  6, and in w i l l  
be de f ined as i n  (7.1.3) -(7.1.5). 
. 
c. 
We d e f i n e  In t o  be the  operator  whose m a t r i x  representa t ion  i s  
- n-n (7.5.1) n n = w  n 
Since the  m a t r i x  in i s  syrrmetric and nonnegative, the  operator  IIn i s  s e l f a d j o i n t  
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and nonnegative. The R i c c a t i  m a t r i x  equat ion (7.2.4) i s  equ iva len t  t o  
n n T n n  n n - 1  n T n n  (7.5.2) W ' ( A ) W I I  + I I n A n - I I B R  ( B ) W I I  + Q n = 0 .  
Since the  m a t r i x  representa t ions  o f  the  operators  An and A i  a r e  An and 
W (A ) W , respec t i ve l y ,  and the  m a t r i x  representa t ion  o f  B i  i s  (B ) W , 
(7.5.2) i s  t he  m a t r i x  representa t ion  o f  the R i c c a t i  opera tor  equat ion 
-n n T n  n T n  
-1 * A:In + IInAn - IInBnR B II + Q, = 0. n n  (7.5.3) 
The c o n t r o l  law i n  (7.2.2) i s  equ iva len t  t o  
u n ( t )  = - F z (t)  n n  (7.5.4) 
w i t h  the  ga in  opera tor  F, g iven  by 
F, = R- 1 B&,. (7.5.5) 
Next, we d e f i n e  fin t o  be the  nonnegative s e l f a d j o i n t  opera tor  whose m a t r i x  
representa t ion  i s  
(7.5.6) 
Y 
- n  fin = IInw 0 
The R i c c a t i  m a t r i x  equat ion (7.3.3) i s  equ iva len t  t o  
n T n  n T--1 nAn (7.5.7) Anfin + finW-"(A ) W - ii"W-"(C ) R C Il + Gn = 0. 
which i s  t he  m a t r i x  representa t ion  o f  the  R i c c a t i  operator  equat ion 
(7 . 5.8) A n i n  + $ A i  - $ C i R  -1 CnIIn - + in = 0. 
-n n T (The m a t r i x  representa t ion  o f  t he  operator  C i  i s  W (C  ) .) 
The es t imator  ga in  m a t r i x  Fn i s  the  m a t r i x  representa t ion  o f  the  operator  
(7.5.9) 
A 
A *--1 F, = IInCnR . 
(7.5.10) 
For  t h e  convergence r e s u l t s  i n  Chapter 8, i t  i s  use fu l  t o  have t h e  approx i -  
mat ing operators  t h a t  a re  equ iva len t  t o  t h e  va r ious  ma t r i ces  i n  Sect ions 7.1 - 
7.4. The f i n i t e  dimensional R i c c a t i  operator  equations (7.5.3) and (7.5.8) 
approximate, respec t i ve l y ,  t he  i n f i n i t e  dimensional R i c c a t i  operator  equat ions 
(6.1.3) and (6.3.2). The c o n t r o l  and es t ima to r  ga in  operators  i n  (7.5.5) and 
(7.5.9) approximate, respec t i ve l y ,  t he  g a i n  operators  i n  (6.3.3) and (6.3.1). 
A l s o ,  t he  s t a t e  es t ima to r  i n  (7.5.10), which i s  j u s t  t he  H i l b e r t  space represen- 
t a t i o n  o f  t h e  es t ima to r  i n  (7.3.1), approximates the  opt imal  i n f i n i t e  dimen- 
s iona l  es t ima to r  i n  Chapter 6. 
7.6 Stochastic I n t e r p r e t a t  fon o f  the Approximat fng Est  fmators 
Our approximat ion o f  t h e  i n f i n i t e  dimensional es t ima to r  i s  based on approx i -  
mat ion o f  t h e  i n f i n i t e  dimensional R i c c a t i  equation, whose s t r u c t u r e  i s  t h e  same 
f o r  bo th  c o n t r o l  and es t ima to r  problems, and s t o c h a s t i c  p r o p e r t i e s  o f  t h e  o p t i -  
mal es t ima to r  problem never e n t e r  our  approximat ion theory. Furthermore, us ing 
o n l y  t h e  d e t e r m i n i s t i c  s e t t i n g ,  i n  Chapter 8 we analyze t h e  f i n i t e  dimensional 
est imators  and the  compensators based upon them. Nonetheless, we should con- 
s i d e r  momentari ly t h e  sequence o f  f i n i t e  dimensional s t o c h a s t i c  es t ima t ion  
problems whose s o l u t i o n  i s  g i ven  by (7.3.1) - (7.3.3) o r  e q u i v a l e n t l y  by (7.5.8) 
- (7.5.10). 
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F i r s t ,  r e c a l l  how the  covar iance operator  o f  a H i l b e r t  space-valued random 
v a r i a b l e  i s  def ined. 
i s  the  opera tor  Q f o r  which 
The covar iance operator  o f  an E-valued random v a r i a b l e  w 
(7.6.1) expected value {<z,w>E<;,w>EJ = <Qz,;>~, z, ; E E. 
(See [Bal, CP2].) 
With tn g iven by (7.5.9) and (7.5.8), (7.5.10) i s  the Kalman-Bucy f i l t e r  f o r  
t he  system 
. 
(7.6.2) zn = A z + B,u + W, , n n  
(7.6.3) y = C0u + C z + w0 , n n  
where w,(t) i s  an E,-valued wh i te  no ise process w i t h  covar iance operator  in and 
w o ( t )  i s  an RP-valued wh i te  no ise  process w i t h  covar iance operator  (ma t r i x )  i .  
Next, c a r e f u l  i nspec t i on  w i l l  show t h a t  t he  f i l t e r  de f ined by (7.3.1), (7.3.2) 
and (7.3.3) i s  t he  m a t r i x  representa t ion  o f  the  f i l t e r  de f ined by (7.5.10), 
(7.5.9) and (7.5.8). 
With zn and rl r e l a t e d  as i n  (4.1.1) and (4.1.5), (7.6.2) and (7.6.3) a r e  
equ iva len t  t o  the  system 
n (7.6.4) = Ann + B u + v , 
n (7.6.5) y = C0u + C + w0 , 
where v ( t )  i s  t he  R*"-valued no ise  process r e l a t e d  t o  w,(t) by 
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Cer ta in l y ,  a Kalman-Bucy f i l t e r  f o r  (7.6.4) and (7.6.5) has the  form (7.3.1) 
w i t h  the f i l t e r  g a i n  g iven by (7.3.2) and (7.3.3). This  p a r t i c u l a r  f i l t e r  i s  
the m a t r i x  rep resen ta t i on  o f  the  f i l t e r  de f ined by (7.5.10), (7.5.9) and (7.5.8) 
i f  and on ly  i f  the  m a t r i x  6" def ined by (7.1.7) i s  the  covar iance o f  the  process 
v ( t ) .  
us ing  (7.1.7) and (7.6.1) shows t h a t  the  6' i n  (7.1.7) i s  indeed the  c o r r e c t  
- 
Since 6' i s  t he  m a t r i x  representa t ion  o f  in, stra igh t fo rward  c a l c u l a t i o n  
Y 
covar iance ma t r i x .  
O f  course, i f  w,(t) and v ( t )  represent  a phys i ca l  d is turbance t o  the  s t r u c -  
tu re ,  then w,(t) must have the  form ( 0 , 0 i 2 ) ( t ) )  and the  f i r s t  n elements o f  v ( t )  
must be zero, b u t  t h i s  i s  n o t  necessary f o r  our  ana lys is .  
Our f i n i t e  dimensional  observers can be i n t e r p r e t e d  now as a sequence o f  
f i l t e r s  designed f o r  t he  sequence o f  f i n i t e  dimensional approximat ions t o  the  
f l e x i b l e  s t r u c t u r e ,  w i t h  the  n t h  approximate system d i s t u r b e d  by the  no ise  pro-  
cess w,(t), whose covar iance operator  i s  in. 
Chapter 8, these covar iance operators  converge t o  the  opera tor  6 o f  Sect ion 3 o f  
According t o  Hypothesis 8.5 o f  
Chapter 6. I f  we have a r e l i a b l e  model o f  a s ta t i ona ry ,  zero-mean gaussian 
d is turbance f o r  t he  s t ruc tu re ,  then we can take the  covar iance operator  f o r  t h i s  
d is turbance t o  be 6 and t h i n k  o f  the  i n f i n i t e  dimensional observer as the  o p t i -  
mal est imator .  But t h i s  i n t e r p r e t a t i o n  i s  n o t  necessary f o r  the  r e s t  o f  our 
analys is .  
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8. Convergence Theory f o r  t h e  Approximating LQG Problems 
8.1 Convergence Results for Approximation o f  the Generic LQG Problem 
L e t  the  H i l b e r t  space E and the  l i n e a r  operators  A, T ( t ) ,  B, Q and R be as 
i n  Sect ion 1 o f  Chapter 6. Suppose t h a t  t he re  e x i s t s  a sequence o f  f i n i t e  
dimensional subspaces En, w i t h  t h e  p r o j e c t i o n  o f  E onto E, denoted by PE, and 
the re  e x i s t  sequences o f  operators  An E L(En), B, E L(Rm,En), Q n = Qi E L(En), 
Q, 2: 0. 
Hypothesis 8.1. For each z E E, 
(8.1.1) PE,Z + z as n .* - , 
(8.1.2) eXp(Ant)PEnZ + T ( t ) z  
and 
(8.1.3) eXp(A;t)PE,Z + T * ( t ) z  as n + - , 
u n i f o r m l y  i n  t f o r  t i n  bounded i n t e r v a l s ;  f o r  each u E Rm, 
(8.1.4) Bnu + Bu; 
f o r  each z E E, 
(8.1.5) QnQnZ + Qz. 
Hypothesis 8.2. For each n, t h e  system (An, Bn) i s  s t a b i l i z a b l e  and t h e  system 
(Qn, An) i s  detectable.  
Hypothesis 8.2 guarantees t h a t  t he  R i c c a t i  equat ion (8.1.6) i n  t he  f o l l o w i n g  
theorem has a unique nonnegative, s e l f a d j o i n t  so lu t i on .  
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Theorem 8.3. 
t i o n  t o  the  R i c c a t i  opera tor  equat ion 
For each n, l e t  IIn E L(En) be the  nonnegative, s e l f a d j o i n t  so lu -  
A i  IIn + lIn A, - IIn Bn Rn -1 B i  IIn = Q,. (8.1.6) 
I f  IlII,ll i s  bounded u n i f o r m l y  i n  n, then the  R i c e a t i  a lgeb ra i c  equat ion (6.1.3) 
has a nonnegative, s e l f a d j o i n t  s o l u t i o n  II and II,PE, converges weakly t o  II; i.e., 
I f  a d d i t i o n a l l y  t he re  e x i s t  p o s i t i v e  constants  M and b, independent o f  n, such 
t h a t  
t 2 0, (8.1.8) ~ ~ ~ x ~ ( [ A , - B , R - ~ B ~ I I ~ ] ~ ) ~ ~   M e - b t  , 
-1 * then I I n P ~ ,  and exp([An-BnR B n I I n ] t ) P ~ ,  converge s t r o n g l y  t o  II and S ( t ) ,  
r espec t i ve l y ;  i.e., 
and 
(8.1.10) ~ X ~ ( [ A , - B , R - ~ B ~ I I , , ] ~ ) P E , Z  + S ( t ) z  V Z E E ,  
un i fo rm ly  i n  t 2 0, where S ( t )  i s  t he  semigroup generated by A-BR-lB"P. 
there  e x i s t s  a p o s i t i v e  constant  6, independent o f  n, such t h a t  
If 
I (8.1.11) Q, 2 6 ,  
then IIPnII be ing bounded u n i f o r m l y  i n  n guarantees the ex is tence o f  p o s i t i v e  
constants M and b f o r  which (8.1.8) ho lds f o r  a l l  n. 
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Proof. 
whose p roo f  i s  v a l i d  under the  hypotheses here. 
t o r s  An, Q, and I$, are extended t o  a l l  of E by d e f i n i n g  them a p p r o p r i a t e l y  on 
The theorem f o l l o w s  f r o m  Theorem 5.3 o f  [Gi4] and Theorem 6.7 o f  [Gi3], 
I n  [ G i l ,  Sect ion 41 the  opera- 
Banks and Kunisch [ B K l ]  have mod i f i ed  Theorem 5.3 o f  [ G i l l  t o  ob ta in  En 
e s s e n t i a l l y  t he  present  theorem w i thou t  us ing  the  a r t i f i c i a l ,  and r a t h e r  clumsy, 
extensions o f  En i n  the  proof .  
Theorem 8.4. The s t rong convergence i n  (8.1.9) imp l i es  un i fo rm norm convergence 
o f  t he  opt imal  feedback laws: 
(8.1.12) 
Proof. 
d imens iona l i t y  o f  the c o n t r o l  space Rm. 
Th is  f o l l o w s  from the  se l fad jo in tness  o f  In and PE, and the  f i n i t e  
See equat ions (4.23) and (4.24) o f  [ G i l l .  
Nonconvergence r e s u l t s  f o r  the  case where no open-loop damping i s  modeled 
a re  g i ven  i n  [ G i l ,  Gi2, GA2]. 
For  each n, the  f i n i t e  dimensional operator  R i c c a t i  equat ion (8.1.6) i s  an 
approximat ion t o  the  f i n i t e  dimensional R i c c a t i  equat ion (6.1.3), b u t  t he  so lu-  
t i o n  t o  (8.1.6) a l s o  prov ides the  s o l u t i o n  t o  the  opt imal  c o n t r o l  problem 
de f ined  by 
(8.1.13) 
. 
z n = A  z + B , u  n n  
and 
m 
(8.1.14) J, = I (<e, zn, + u T Ru)dt. 
0 
The opt ima l  c o n t r o l  law f o r  t h i s  problem i s  
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= -F z ‘n n n  (8.1.15) 
where t h e  opera to r  F, E L(En, Rm) i s  
-1 * F, = R B n ‘E,. n n  (8.1.16) 
Hypothesis 8.5. There e x i s t  sequences 
in = 6: 2 0  such t h a t  





s t r o n g l y  
(8.1.18) s t r o n g l y  as n -P -. 
As w i t h  B,, (8.1.17) i m p l i e s  t h a t  C,PE, and C: converge i n  norm t o  C and C*, 
r espec t i ve l y .  
Hypothesis 8.6. For each n, t h e  system (A:, C: ) i s  s t a b i l i z a b l e .  
t i c u l a r ,  any uns tab le  modes o f  t h e  system (An,Cn) a r e  observable.) 
system (A*, in) i s  de tec tab le .  
( I n  par -  
Also, t h e  
We d e f i n e  t h e  ou tpu t  o f  t h e  system i n  (8.1.13) by 
(8.1.19) y n = c o u + c  n z n’ 
The n t h  s t a t e  es t ima to r  i s  
I (8.1.20) zn = A n n  + B, u + Fn(yn - Co u - C, in) 
where t h e  es t ima to r  g a i n  i s  t h e  opera tor  
(8.1.21) 
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and IIn i s  the  nonnegative, s e l f a d j o i n t  s o l u t i o n  t o  the  
(8.1.22) ii c* i - 1  - A C II + Q n =  n n  n n  An in + in A i  - 
Hypothesis 8.2 imp l i es  t h a t  such a s o l u t i o n  e x i s t s  and 
R i c c a t i  operator  equat ion 
0. 
i s  unique. 
As n + m ,  t he  es t imator  de f ined by (8.1.20) - (8.1.22) converges t o  the  
i n f i n i t e  dimensional es t imator  i n  Chapter 6 as i n d i c a t e d  by the  nex t  two 
theorems, which f o l l o w  imned ia te ly  f r o m  Theorems 8.3 and 8.4. 
Theorem 8.7. Theorem 8.3 holds w i t h  A ,  B, Q, II, S ( t ) ,  A, Bn, Q, and 
I$ replaced, respec t i ve l y ,  by A*, C*, 6, ii, S* ( t ) ,  A i ,  C i ,  in and i,,,. 
Theorem 8.8. 
(8.1.23) 
I f  i i n P ~ ,  converges s t r o n g l y  t o  i, then 
llii C* - ii C*I~ + o as n + m. n n  
8.2 Convergence o f  the Closed-Loop Systems 
Now we w i l l  cons ider  the  sense i n  which the  nth c losed- loop system i n  F igure  
7.1 approximates the  opt imal  c losed- loop system i n  Chapter 6. Recal l  f r o m  
Chapter 4 how the  approximat ing open-loop semigroups T n ( * )  and t h e i r  a d j o i n t s  
converge s t r o n g l y  and how the  i n p u t  operators  Bn, the  measurement operators  
Cn and t h e i r  respec t i ve  a d j o i n t s  converge i n  norm. 
f i c i e n t  cond i t i ons  f o r  the  approximat ing c o n t r o l  and es t imator  ga ins t o  converge 
t o  the  ga ins  f o r  t he  opt imal  i n f i n i t e  dimensional compensator; i.e., (8.1.12) 
and (8.1.23) imp ly  
Sect ion 8.1 has g iven su f -  
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By i d e n t i f y i n g  w i t h  in as i n  Sect ion 5 o f  Chapter 7, we can i d e n t i f y  the  
c losed- loop system i n  F igure  7.1 w i t h  a c losed- loop system on the  space E x E,. 
We denote the  corresponding closed- loop semigroup and i t s  generator  by Ssn( t )  
and A=,, respec t ive ly .  Recal l  S- ( t )  and A- f rom Chapter 6. 
Proofs  o f  t he  remaining theorems i n  t h i s  chapter  a re  g iven i n  [GAZ]. 
these p roo fs  a r e  r a t h e r  techn ica l  and o f f e r  no p a r t i c u l a r  i n s i g h t  i n t o  the  
compensator-design process, we do n o t  repeat them here. 
Since 
Theorm 8.9. For t 2 0, Smn(t)PEEn converges s t r o n g l y  t o  S- ( t ) ,  and the  con- 
n t e r v a l  s. vergence i s  un i fo rm i n  t f o r  t i n  bounded 
We should expect a t  l e a s t  Theorem 8.9, b u t  we need more. We should requ i re ,  
f o r  example, t h a t  i f  S ( t )  i s  un i fo rm ly  exponen t ia l l y  s tab le ,  then SODn(t)  must 
be a l s o  f o r  n s u f f i c i e n t l y  large.  
examples w i t h  var ious  k inds  o f  damping and approximat ions suggest t h a t  t h i s  i s  
u s u a l l y  t rue ,  we have been unable t o  prove i t  i n  general .  
f o r  t he  f o l l o w i n g  impor tan t  case. 
Although numerical r e s u l t s  f o r  numerous 
We do have the  r e s u l t  
Theorm 8.10. 
i) Suppose t h a t  t he  bas i s  vec tors  o f  the  approximat ion scheme a re  the  na tu ra l  
modes o f  undamped f r e e  v i b r a t i o n  and t h a t  the  s t r u c t u r a l  damping does no t  
couple the  modes. 
bounded t - i n t e r v a l s .  
Then S m n ( t )  converges i n  norm t o  S==(t), un i fo rm ly  i n  
ii) If ,  a d d i t i o n a l l y ,  S==( t )  i s  un i fo rm ly  exponen t ia l l y  s tab le ,  then S s n ( t )  
i s  un i fo rm ly  exponen t ia l l y  s t a b l e  f o r  n s u f f i c i e n t l y  large. 
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This  paper emphasizes us ing  the  convergence o f  t he  approximat ing c o n t r o l  and 
es t ima to r  ga in  operators  Fn and f,, and the  convergence o f  t he  f u n c t i o n a l  gains 
t h a t  can be used t o  represent  these operators,  t o  determine the  f i n i t e  dimen- 
s iona l  compensator t h a t  w i l l  produce e s s e n t i a l l y  opt imal  c losed- loop 
performance. 
f o r  Smn( t )  t o  converge t o  S- ( t ) ,  we need the f o l l o w i n g  d i f f e r e n c e s  t o  converge 
t o  zero: 
However, c lose  examination o f  A, - Amn (see [GA2]) shows t h a t ,  
(8.2.3) 'nFnPEn - BF = Bn(FnPEn - F) + (Bn - B)F, 
(8.2.4) 
The second term on the  r i g h t  hand s ide  o f  each o f  these equat ions represents,  
r e s p e c t i v e l y ,  c o n t r o l  and observat ion s p i l l o v e r ,  which has been s tud ied  exten- 
s i v e l y  by Balas [Ba2, Ba3]. 
s p i l l o v e r  couple the  modes modeled i n  the  compensator w i th  t h e  modes n o t  
modeled i n  the  compensator. The s p i l l o v e r  must go t o  zero -- as i t  does when 
Bn and Cn converge -- f o r  A- - Amn t o  go t o  zero. 
Together, the con t ro l  s p i l l o v e r  and observat ion 
We should ask, then, whether there  e x i s t s  a c o r r e l a t i o n  between the  con- 
vergence o f  Fn and tn and the  e l i m i n a t i o n  o f  s p i l l o v e r .  The answer is yes i f  no 
modes l i e  i n  the  n u l l  space o f  the  s t a t e  weight ing operator  Q i n  t he  performance 
index and i f  the  assumed process noise,  whose covar iance opera tor  i s  6, e x c i t e s  
a l l  modes, b u t  t h i s  c o r r e l a t i o n  i s  d i f f i c u l t  t o  quant i f y .  The two main f a c t o r s  
t h a t  determine the  convergence r a t e s  o f  the  gains a re  the  Q-to-R r a t i o  and the 
damping, n e i t h e r  o f  which a f f e c t s  the  convergence o f  Bn and Cn. On the  o the r  
hand, when e i t h e r  f a c t o r  (smal l  Q/R o r  l a r g e  damping) causes the  ga ins  t o  con- 
verge f a s t ,  i t  g e n e r a l l y  a l s o  causes the  magnitude o f  F and F t o  be r e l a t i v e l y  
smal l ,  thereby reducing the  magnitude o f  t he  s p i l l o v e r  terms i n  (8.2.3) and 
(8.2.4). Also, as n increases, the  inc reas ing  f requencies o f  t he  t runca ted  
modes u s u a l l y  reduce the  coup l ing  e f f e c t  o f  s p i l l o v e r .  
a l though i t  cannot be seen from the  equat ions here. 
worked, we have found t h a t  when n i s  l a r g e  enough t o  produce convergence o f  t he  
c o n t r o l  and es t imator  gains,  the  e f f e c t  o f  any remaining s p i l l o v e r  i s  n e g l i -  
g ib le .  But t h i s  may no t  always be t rue ,  and s p i l l o v e r  should be remembered. 
This  i s  w e l l  known, 
I n  examples t h a t  we have 
8.3 Convergence o f  the Canpensator Transfer Functions 
The t r a n s f e r  f unc t i on  o f  the  nth compensator (shown i n  the  bottom b lock  o f  
F igure  7.1) i s  g iven  by (7.4.2) and the  t r a n s f e r  f u n c t i o n  o f  the  i n f i n i t e  dimen- 
s iona l  compensator i s  g iven by (6.2.14). 
m a t r i x  f unc t i on  of the  complex v a r i a b l e  s. 
[ A  - BF + ?(CoF-C)] by p([A - BF + ?(CoF-C)]). 
Each t r a n s f e r  f u n c t i o n  i s  an m x p 
We w i l l  denote the  reso lven t  se t  o f  
Theorem 8.11. 
n n n - n  n n  p([A -B F +F (CoF -C )I) f o r  a l l  n, and O,(s) converges t o  O ( s ) ,  un i fo rm ly  i n  
compact subsets o f  such s. 
There e x i s t s  a r e a l  number al such t h a t ,  i f  Re(s) > al, then s E 
This  r e s u l t  leaves much t o  be desired. For  example, i t  does n o t  guarantee 
n n  t h a t  any subset o f  the  imaginary a x i s  w i l l  l i e  i n  p([An-BnFn + ?(C0F -C ) ] )  f o r  
s u f f i c i e n t l y  l a r g e  n, even i f  a l l  o f  t he  imaginary a x i s  l i e s  i n  ~ ( [ A - B F  + 
f(CoF-C)]). 
f o r  c e r t a i n  impor tan t  cases. 
As w i th  the  convergence o f  the closed- loop systems, we can g e t  more 
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Remark 8.12. I f  the  open-loop semigroup T ( - )  (whose generator  i s  A)  i s  an 
a n a l y t i c  semigroup, then there  e x i s t  rea l  numbers a, 9 and M, w i t h  9 and M pos i -  
t i v e ,  such t h a t  p ( [ A - B F  + ?(CoF-C)] )  conta ins the  sec tor  (s : la rg (s -a) l  < f + 91, 
and f o r  each s i n  t h i s  sector ,  
(8.3.1) Il(s1 - [A -BF + f(C,F-C)])-'ll s M/ls-a l .  
Theorem 8.13. 
na tu ra l  modes o f  undamped f r e e  v i b r a t i o n  and the  s t r u c t u r a l  damping does n o t  
couple the  modes, then each s i n  p([A-BF + ? ( C o F - C ) ] )  i s  i n  p ( [ A  n -B n n  F + 
f n ( C 0 F  -C ) ] )  f o r  n s u f f i c i e n t l y  l a rge  and @,(s) converges t o  #(s) as n + Q, 
un i fo rm ly  i n  compact subsets o f  p( [A-BF + ? ( C o F - C ) ] ) .  
T ( * )  i s  an a n a l y t i c  semigroup, then @,(s) converges t o  #(s) un i fo rm ly  i n  the  
sec tor  descr ibed i n  Remark 8.12. 
i) I f  the  bas i s  vec tors  o f  the  approximat ion scheme a re  the  
n n  
ii) I f ,  a d d i t i o n a l l y ,  
Theorem 8.14. 
each s E p( [A-BF + ? ( C o F - C ) ] ) ,  un i fo rm ly  i n  compact subsets. 
I f  A has compact resolvent ,  then #,(s) converges t o  @(s) f o r  
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9. App l i ca t i on :  Compensator Design f o r  a Compound S t r u c t u r e  
9.1 The LOG Problem for the Dist r ibuted Model o f  the Structure 
Here we pose an i n f i n i t e  dimensional LQG problem f o r  t he  hub-beam-tip mass 
s t r u c t u r e  i n  Sect ion 9 of Chapter 3 and Sect ion 3 o f  Chapter 4. 
dimensional opt imal c o n t r o l  problem, we take Q = I i n  the  performance index i n  
I n  the  i n f i n i t e  
I (6.1.1). Th i s  means t h a t  t he  s t a t e  weight ing term < Q z , z > ~  i s  tw ice  the  t o t a l  
energy i n  t h e  s t r u c t u r e  p l u s  the  square o f  t he  r i g id -body  r o t a t i o n .  
i s  one inpu t ,  t he  c o n t r o l  weight ing R i s  a scalar.  
Since the re  
I According t o  (6.4.12), t he  opt imal c o n t r o l  has the f u l l - s t a t e  feedback form 
where x ( t )  has t h e  form (3.9.1) and 
(9.1.2) f = (af,4f,Bf) E V , g = E H. 
a and 8 a r e  scalars  and 4, and $ a re  f u n c t i o n s  de f i ned  I n  (9.1.2) a f ,  8,,  
over the l e n g t h  o f  t he  beam. Note t h a t  8, = @ , ( a )  I S  n o t  used i n  t h e  c o n t r o l  
law -- r e c a l l  (3.9.8) and (3.9.9). 
9 9 
The s i n g l e  sensor measures the  r i g id -body  angle 8 ,  and we assume t h a t  t h i s  
measurement has zero-mean Gaussian wh i te  no ise w i t h  var iance R = Also, we 
model a d is turbance on the  r i g h t  s ide  o f  (3.1.1) t h a t  i s  a zero-mean Gaussian 
wh i te  no ise process d i s t r i b u t e d  uni formly over the  beam and having concentrated 
components a c t i n g  on the  hub and t i p  mass. 
operator 6 i n  (6.3.2) i s  
F o r  t h i s  disturbance, the covariance 
(9.1.3) 6 =  [i :] : V x H - > V x H .  
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According t o  (6.4.14), w i t h  p = 1, the g a i n  operator  f f o r  t he  i n f i n i t e  
dimensional es t ima to r  has the  form 
(9.1.4) 
and t h e  f u n c t i o n a l  est imator  ga ins T and have the  form (9*1.2)* 
9.2 Approximation o f  the Optimal Control Gains 
Now we so lve the  f i n i t e  dimensional LQR problem i n  Chapter 7 f o r  increas ing 
approximat ion orders n. For each n, t he  s o l u t i o n  t o  the  f i n i t e  dimensional 
R i c c a t i  equat ion (7.2.4) y i e l d s  the  m a t r i x  Fn i n  (7.2.3). We use t h i s  c o n t r o l  
g a i n  m a t r i x  t o  compute the  approximat ing f u n c t i o n a l  c o n t r o l  ga ins i n  (7.2.6) and 
(7.2.7) and t o  compute the  feedback law (7.4.1) f o r  t he  f i n i t e  dimensional com- 
pensator i n  F igu re  7.1. i s  t h e  number o f  e le -  
ments used t o  approximate t h e  beam. 
Recal l  t h a t  n = 2ne + 1 where n e 
For the  numerical s o l u t i o n  t o  the  nth approximating opt imal c o n t r o l  
problem, we begin w i t h  the  n x n ma t r i ces  Kn, Dn and B: i n  (4.3.2) and the  
n x n mass m a t r i x  Mn computed w i t h  the  i n n e r  product i n  (3.9.3) f o r  t he  bas i s  
vectors  i n  (4.3.1). With these matr ices,  we form t h e  2n x 2n ma t r i ces  An and 
B" i n  (4.1.6) and the  n x n m a t r i x  Kn and the 2n x 2n m a t r i x  Wn i n  (7 *1*1 )  and 
(7.1.2); En i s  Kn w i t h  1 added t o  the  f i r s t  element. 
t he  i n f i n i t e  dimensional c o n t r o l  problem i s  the  i d e n t i t y ,  t he  2n x 2n m a t r i x  
on i n  (7.1.3) and (7.1.6) i s  equal t o  Wn. 
numer i ca l l y  by the  standard e igenvector  decomposit ion o f  t he  Hami l ton ian m a t r i x  
[KSl ] ,  o f t e n  c a l l e d  the  P o t t e r  method. 
Since t h e  operator  Q i n  
With these matr ices,  we so lve (7.2.4) 
The approximat ing f u n c t i o n a l  c o n t r o l  gains, computed w i t h  (7.2.6) w i t h  
m = 1, have t h e  form 
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As n increases, these func t iona l  gains should converge t o  the f u n c t i o n a l  ga ins 
i n  (9.1.2),  which are  opt imal  f o r  the  i n f i n i t e  dimensional con t ro l  problem. 
I 
For the  damping c o e f f i c i e n t  co = and the  con t ro l  we igh t ing  R = .OS, 
computed F igures 9.2.1 and 9.2.2 show the  func t i ona l  ga in  kerne ls  4; and $ 
w i t h  cubic  Hermite sp l i nes  and ne = 4 ,  6, 8 and 10 beam elements. 
9.2.1 l i s t s  the  corresponding sca la r  components o f  the gains. We have p l o t t e d  
gn 
Table 
because the  second d e r i v a t i v e  appears i n  the s t ra in-energy i nne r  product  and 4; 
2 because $fn converges i n  H ( 0 , a )  , so t h a t  4; converges i n  L2. The numerical 
r e s u l t s  i n d i c a t e  t h a t  4; and 4 converge un i fo rm ly  on [O,a], even though the 
gn 
Hermite s p l i n e s  y i e l d  a 4; t h a t  i s  d iscont inuous a t  the  nodes. We have seen 
t h i s  convergence f o r  the  f u n c t i o n a l  ga ins corresponding t o  beams i n  a l l  o f  our  
s t ruc tu re -con t ro l  examples, and we suspect t h a t  i t  i s  the  case genera l l y ,  
a l though the  convergence theorems i n  [GA2] guarantee o n l y  Lp convergence f o r  
e fn  and egn. Since B f n  i s  n o t  used i n  the  nth c o n t r o l  law, we omi t  i t  from the  
tables.  
I I  
'e a f n  gn Bgn 
a 
4 4.4721 1 . 2440 -133.87 
6 4.4721 1.2973 - 139.69 
8 4.4721 1.3106 -141.15 
10 4.4721 1.3141 -141.54 
Table 9.2.1. Scalar  Components o f  Funct ional  Contro l  Gains 
Damping c o e f f i c i e n t  co = 
Number o f  elements ne = 4 ,  6, 8, 10 
Hermite Sp l ine  Approximation 
Contro l  weight ing R = .05 
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9.3 Approximation o f  the  Optimal Estimator Gains 
To compute the  g a i n  m a t r i x  fn f o r  t h e  nth approximat ing est imator ,  we so lve 
the  R i c c a t i  equat ion (7.3.3), whose s o l u t i o n  y i e l d s  Fn according t o  (7.3.2). 
The 1 x 2n m a t r i x  C" i s  g i ven  by (4.3.2), and 2n x 2n m a t r i x  in i s  
L) 
(9.3.1) 
according t o  (9.1.3) and (7.1.5). 
matr ix .  ) 
(As always, M-n i s  t he  i nve rse  o f  the mass 
We compute the  approximat ing f u n c t i o n a l  es t ima to r  ga ins according t o  
(7.3.4). L i k e  the  f u n c t i o n a l  c o n t r o l  gains, t he  f u n c t i o n a l  es t ima to r  gains have 
the f o r m  
A s  i n  t he  c o n t r o l  problem, our  convergence theo ry  es tab l i shes  o n l y  
L2-convergence f o r  4; and Q 
gence on [ O , a ] .  
convergence o f  Of, = Qfn(i). Thus, B f n  i s  no t  an independent p iece  o f  informa- 
gn 
t i o n  about t h e  es t ima to r  ga ins whi le ,  as f a r  as our  convergence r e s u l t s  go, B 
i s .  We ma in ta in  analogy w i t h  the  c o n t r o l  problem and l i s t  o n l y  p i n  t he  sub- 
sequent tables.  
the sca la rs  afn, a 
b u t  t h e  numerical r e s u l t s  show un i fo rm c o w e r -  
Since @fn(0) = Q;,(O) = 0, t he  convergence o f  0; imp l i es  t h e  
gn ' 
gn 





4 5.3195 14.149 -1495.7 
6 5.3567 14.347 -1517.5 
8 5.3611 14.371 -1520.1 
10 5.3623 14.377 -1520.8 
Table 9.3.1. Scalar  components o f  Funct ional  Est imator  Gains 
Damping c o e f f i c i e n t  co = 
Est imator  = 
Number o f  elements ne = 4, 6, 8, 10 
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9.4 The F i n i t e  D imens iona 1 Canpensators 
Now we cons t ruc t  the  f i n i t e  dimensional compensator i n  F igure 7.1 f o r  4, 
6, 8 and 10 beam elements. Recal l  t h a t  (7.4.2) g ives  the  t r a n s f e r  f u n c t i o n  o f  
the nth compensator. 
these compensators. 
(magnitude) p l o t s  f o r  a l l  f o u r  orders o f  approximation, w h i l e  the phase p l o t  
represents o n l y  the  h ighest -order  approximation. The f i n i t e  dimensional compen- 
sators  converge t o  the  i n f i n i t e  dimensional compensator as ne increases. 
i s  cons i s ten t  w i t h  the  convergence o f  the  f u n c t i o n a l  c o n t r o l  and es t imator  
ga i  ns. 
F igure  9.4.1 shows the frequency responses (bode p l o t s )  o f  






9.5 The Closed-Loop Efgenstructure 
As (6.2.13) says, the spectrum o f  the  opt imal  c losed- loop system i s  the  
union o f  the spectrum o f  (A-BF) and the  spectrum o f  ( A - k ) .  
opera tor  Do i n  (3.1.1) i s  bounded r e l a t i v e  t o  A: f o r  some 1.1 < 1 , then A has 
compact resolvent .  
because BF and i C  a re  bounded, so t h a t  the  c losed- loop spectrum cons is t s  on ly  
o f  i s o l a t e d  eigenvalues, each w i t h  f i n i t e  m u l t i p l i c i t y .  I f ,  as i n  our example, 
Do = cOAO w i t h  co > 0, A does no t  have compact reso lvent ;  i f  the  eigenvalues 
o f  A. a re  w2 a(A) conta ins a t  most a f i n i t e  number o f  complex eigenvalues and 
+ /-) w . / 2 ,  which approach -0 and the  continuous the sequences A = ( -co -
spectrum { - l / c o ]  as j increases. 
vec tors  o f  A a r e  the  same as those when Do = 0, and hence a re  complete i n  E. 
For the  remainder o f  t h i s  d iscuss ion,  l e t  us assume t h a t ,  as i n  our  
example, the  spectrum o f  A (i.e., the  open-loop spectrum) cons is t s  o f  i s o l a t e d  
eigenvalues w i t h  f i n i t e  m u l t i p l i c i t y  and poss ib l y  a f i n i t e  number o f  l i m i t  
po in t s ,  and t h a t  the  e igenvectors  a re  complete i n  E. (Th is  i s  t he  case i n  our 
example.) Then, s ince  BF and f C  a r e  bounded w i th  f i n i t e  rank, i t  f o l l o w s  f r o m  
app ly ing  standard p e r t u r b a t i o n  r e s u l t s  [KaZ, pp. 208-2141 t h a t  t he  asymptot ic  
p r o p e r t i e s  o f  bo th  a(A-BF) and a(A-iC) a re  i d e n t i c a l  t o  those o f  a(A). 
means t h a t ,  beyond some number o f  eigenvalues, the  eigenvalues o f  A-BF a r e  v i r -  
t u a l l y  i d e n t i c a l  t o  those o f  A because the  opt imal  compensator e s s e n t i a l l y  
c o n t r o l s  o n l y  a f i n i t e  number o f  modes. I t  a l s o  means t h a t ,  a l though the  o p t i -  
mal es t ima to r  conta ins copies o f  a l l  t he  modes o f  the  s t ruc tu re ,  e s s e n t i a l l y  i t  
observes o n l y  a f i n i t e  number o f  modes and feeds v i r t u a l l y  no sensor da ta  i n t o  
the  copies o f  t he  res t .  O f  course, t he  i n f i n i t e  number o f  i n a c t i v e  es t imator  
modes should be t runcated  be fore  implementation. 
I f  the  damping 
I n  t h i s  case, (A-BF) and ( A - k )  a l s o  have compact reso lvent  
j’ 
J j 
When Do = cOA; f o r  any 0 - -  < 1.1 < 1, the eigen- 
Th is  
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We have n o t  proved as much as we would l i k e  t o  about how the  
nth c losed- loop spectrum -- i.e., the spectrum o f  the operator  Am, d iscussed i n  
Sect ion 2 o f  Chapter 8 -- converges t o  the  opt imal closed-loop spectrum. 
CGA2, Sect ion 91, we showed t h a t  an extens ion o f  Amn converges i n  norm t o  
Am- ( t he  opt imal  c losed- loop generator  i n  (6.2.9)) when the damping operator  
Do does no t  couple the modes o f  f r e e  v i b r a t i o n  and the na tu ra l  mode shapes a re  
the bas i s  vec tors  f o r  the  approximat ion scheme. 
compact reso lvent ,  (SI - Amn)-’ converges i n  norm t o  ( 5 1  - A=)-’. 
these cases, i t  fo l l ows  from the  sec t i on  o f  Kat0 c i t e d  above t h a t  the  eigen- 
values o f  Amn converge t o  those o f  Amm. 
the eigenvalues o f  the  nth c losed- loop system based on the Hermite s p l i n e  
approximat ion a l s o  converge t o  those o f  the  opt imal  c losed- loop system, b u t  we 
have n o t  proved t h i s .  
I n  
We a l s o  showed t h a t ,  when A has 
I n  e i t h e r  o f  
Our numerical r e s u l t s  i n d i c a t e  t h a t  
To compute the  c losed- loop eigenvalues, we approximated the  f l e x i b l e  s t ruc -  
t u r e  ( t h e  p l a n t )  w i t h  15 na tu ra l  modes (obta ined us ing  30 beam elements w i t h  
Hermite sp l i nes )  and formed the  closed- loop system w i t h  the  nth compensator f o r  
var ious  values o f  n. The numerical r e s u l t s  i n d i c a t e  t h a t  the  opt imal  compen- 
sa to r  ignores and does n o t  a f f e c t  any mode pas t  the  n i n t h  ( the  e i g h t  f l e x i b l e  
mode), and we a r e  s t r e t c h i n g  ma t te rs  t o  say t h a t  the  n i n t h  mode i s  con t ro l l ed .  
Table 9.5.1 l i s t s  the  eigenvalues f o r  the  c losed- loop system c o n s i s t i n g  o f  
the  15-mode model o f  the  s t r u c t u r e  and the  compensator based on 10 elements w i t h  
Hermite sp l ines.  For t h i s  compensator, n = 2*10 + 1 = 21, so t h a t  the  est imator  
conta ins approximat ions t o  the  f i r s t  21 modes o f  the  s t ruc tu re .  Most o f  these 
approximat ions have no t  converged t o  the  t r u e  na tu ra l  modes, as can be seen f r o m  
the imaginary p a r t s  o f  the  eigenvalues under A - f C ,  which converge f r o m  above t o  
s l i g h t  pe r tu rba t i ons  o f  the  open-loop frequencies. 
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The l a s t  twelve o f  t he  twenty-one modes i n  the  10-element Hermite s p l i n e  
compensator a r e  i n a c t i v e  as f a r  as the  i npu t /ou tpu t  map o f  t he  compensator. 
They do n o t  couple w i th  the  r e s t  o f  the  compensator o r  w i t h  any modes i n  the  
s t ruc tu re ,  and they cou ld  be t runcated w i thou t  a f f e c t i n g  the  c losed- loop 
response. 
corresponding open-loop eigenvalues o f  the ten-element approximat ion t o  the  
s t ruc tu re .  
corresponding t r u e  open-loop eigenvalues because the  damping i s  p ropor t i ona l  t o  
the  s t i f f n e s s  and the  frequencies o f  the  h igher  modes o f  the  approximat ion a re  
g r e a t e r  than the  t r u e  frequencies. Since the  i n a c t i v e  compensator modes res ide  
i n  the  nth es t imator ,  we l i s t  the  corresponding eigenvalues under ( A - k ) .  
The eigenvalues o f  the  i n a c t i v e  compensator modes a re  equal t o  the  
The magnitudes o f  the r e a l  p a r t s  a re  l a r g e r  than those f o r  t he  
The closed- loop eigenvalues i n  Table 9.5.1 corresponding t o  modes 5, 6 and 
7 a r e  n o t  equal t o  the  corresponding eigenvalues o f  (A21-B21F21) and 
(A21-~21C21). 
e igenvalues under (A-BF) and one p a i r  under ( A - k ) . )  Th is  means t h a t  t he  
Hermi te-sp l ine compensator f o r  t en  elements i s  n o t  as c lose  t o  convergence as 
the  preceding f u n c t i o n a l  ga in  and bode p l o t s  might  suggest. 
loop response produced by the ten-element Hermi te-sp l ine compensator should be 
c lose  t o  o p t i m a l ,  except  poss ib ly  f o r  t h e  s i x t h  mode. Table  9.5.1 shows t h a t  
t h i s  c losed- loop system i s  s tab le.  
(For each o f  modes 5, 6 and 7, we l i s t e d  one p a i r  o f  c losed- loop 
S t i l l ,  t he  c losed- 
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Table 9.5.1. Closed-loop Eigenvalues with Compensator 












































































10. Other App l i ca t i ons  Issues and Future Research Topics 
The methods developed o r  a p p l i e d  i n  t h i s  monograph prov ide  a mathemat ica l ly  
sound yet  p r a c t i c a l  framework f o r  des ign ing feedback c o n t r o l  systems f o r  d i s -  
t r i b u t e d  parameter s t r u c t u r a l  systems. As i n  most research, development o f  the  
ideas presented here r a i s e s  new quest ions as i t  answers c u r r e n t  ones. I n  t h i s  
chapter  we ment ion some o f  t he  issues which have emerged du r ing  the  course o f  
t h i s  work. Some o f  these we have pursued t o  the ex ten t  o f  ach iev ing  promis ing 
b u t  as y e t  incomplete r e s u l t s .  Others we note as issues f o r  f u t u r e  i nves t i ga -  
t i on .  The ideas w i l l  f a l l  i n t o  th ree  areas: 1) d i s c r e t e  t ime model ing and 
c o n t r o l ,  2) robustness, and 3) model reduct ion.  
IO. I Discre te  Time Mode 1 ing and Contro 1 
Recent research [ G R l ,  GR2, GR31 has developed approximat ion methods and con- 
vergence r e s u l t s  f o r  d i sc re te - t ime  LQG con t ro l  problems f o r  d i s t r i b u t e d  systems. 
Much o f  t he  d i sc re te - t ime  theory  i s  analogous t o  t h a t  i n  t h i s  monograph f o r  the 
cont inuous-t ime problem. The i n f i n i t e  
approx imat ion methods have been app l i ed  
[ G R l ,  GR21. Fu r the r  research i s  needed 
approximate s o l u t i o n  o f  i n f i n i t e  dimens 
equations. One respect  i n  which the  d i  
imensional d i sc re te - t ime  theory  and 
t o  c o n t r o l  o f  f l e x i b l e  s t r u c t u r e s  i n  
on numerical d i f f i c u l t i e s  encountered i n  
onal d i sc re te - t ime  R i c c a t i  opera tor  
Crete-t ime problem d i f f e r s  f rom the  
cont inuous- t ime problem i s  t h a t  boundary con t ro l  f o r  f l e x i b l e  s t r u c t u r e s  u s u a l l y  
r e s u l t s  i n  a bounded i n p u t  opera tor  f o r  the  d i sc re te - t ime  problem, whereas the  
i n p u t  opera tors  corresponding t o  boundary c o n t r o l s  i n  cont inuous-t ime problems 
u s u a l l y  a r e  unbounded. Th is  i s  t he  sub jec t  o f  [GR2, GR31. Fur ther  work i s  
needed a long these l i n e s  t o  expand the  c lass  o f  boundary operators  and the  c lass  
o f  unbounded measurement operators  t o  which the  d i sc re te - t ime  approximat ion 
theory appl ies.  
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Also, d i sc re te - t ime  inpu t /ou tpu t  representa t ion  o f  i n f i n i t e  dimensional 
models o f  f l e x i b l e  s t r u c t u r e s  has been inves t i ga ted  i n  [Ja l ,  GJl]. 
dimensional auto-regressive-moving average (ARMA) models o f  bo th  the  p l a n t  and 
the compensator have been developed f o r  s imple s t ruc tu res .  
mat ion theory  f o r  such models has been developed, bu t  cons iderably  more work i s  
needed t o  b r i n g  t h i s  p o i n t  o f  view t o  the  l e v e l  o f  m a t u r i t y  and usefu lness o f  
the  state-space methods f o r  d i s t r i b u t e d  systems. Such research should be par -  
t i c u l a r l y  impor tant  f o r  adapt ive i d e n t i f i c a t i o n  and con t ro l  o f  f l e x i b l e  s t r u c -  
tures,  as suggested by the l a r g e  orders o f  f i n i t e  dimensional ARMA models found 
necessary i n  [JGl, JGZ] f o r  adapt ive i d e n t i f i c a t i o n  o f  an exper imental  f l e x i b l e  
s t r u c t u r e  a t  NASA Langley Research Center. 
I n f i n i t e  
P re l im ina ry  approx i -  
10 2 Robustness 
An impor tant  f ea tu re  o f  t he  approach developed i n  t h i s  monograph i s  t h a t  the  
order  and modal composi t ion o f  t he  model a re  au tomat i ca l l y  ad jus ted  as a f u n c t i o n  
o f  the  performance ob jec t i ves ,  d is tu rbance environment, sensor l o c a t i o n s  and 
ac tua to r  loca t ions .  Th is  i s  an e f f e c t i v e  way t o  deal w i t h  problems due t o  model 
t runcat ion .  However, there  i s  no th ing  i n  the  approach t h a t  e x p l i c i t l y  addresses 
the  issue o f  modeling e r r o r s  due t o  p o o r l y  known parameter values (e.g., f r e -  
quencies, damping constants,  mode shapes, etc.). There a r e  always some d i f -  
ferences between a model and the  phys i ca l  system the  model i s  supposed t o  
descr ibe.  Since c o n t r o l  system designs a r e  based on models, one must always be 
concerned about the  degree t o  which the  t h e o r e t i c a l  performance i s  degraded due 
t o  d i f f e r e n c e s  between the  model and the  phys ica l  system. Hence, modeling 
e r r o r s  o f  a l l  types a re  a major concern i n  des ign ing c o n t r o l  systems. 
I n  addressing the  modeling e r r o r  problem, i t  i s  impor tant  t o  descr ibe the 
modeling e r r o r s  i n  a way t h a t  f a c i l i t a t e s  dea l i ng  w i th  them. One approach i s  
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t o  use the  s t r u c t u r e d  unce r ta in t y  d e s c r i p t i o n  o f  Doyle [Dol]. 
t a i n t y  models represent  s p e c i f i c  modeling e r r o r s  (frequency e r ro rs ,  damping 
e r ro rs ,  mode shape e r ro rs ,  etc.) i n  the  form o f  a u x i l i a r y  m u l t i v a r i a b l e  feedback 
loops appended t o  the  p l a n t  model. 
s t a r t i n g  p o i n t  f o r  d i f f e r e n t  approaches t o  robust  c o n t r o l l e r  design, e.g., 
Doyle 's  p synthes is  approach [Dol] o r  the  L inear  Quadra t ic  Gaussian (LQG) 
approach which i s  t he  focus o f  t h i s  monograph. I n  the  contex t  o f  the  LQG 
approach, t he  forms o f  the  a u x i l i a r y  feedback loops mot iva te  changes i n  the  per-  
formance we igh t ing  m a t r i x  i n  the  LQR problem and the  d is turbance no ise  
covar iance m a t r i x  i n  the  K-B f i l t e r  problem. 
we igh t ing  ma t r i ces  which r e f l e c t  the  s p e c i f i c  na ture  o f  the unce r ta in t y  [BMl, 
TS l ] .  Making the  a d d i t i o n a l  terms la rge  o r  small permi ts  a c o n t r o l l e d  t r a d e - o f f  
between performance and robustness. Thus one can a r r i v e  a t  a s u i t a b l e  balance 
between ach iev ing  a des i red  performance goal and min imiz ing  the e f f e c t  o f  s t ruc -  
t u red  u n c e r t a i n t i e s  i n  the  p l a n t  model. 
S t ruc tured  uncer- 
These desc r ip t i ons  may be used as the  
These changes invo lve  adding 
Some r e s u l t s  o f  us ing  t h i s  approach a re  descr ibed i n  [BMl ]  and they show a 
marked increase i n  robustness w i t h  o n l y  a modest l oss  i n  performance. The 
robustness i s  n o t  achieved by r o l l i n g  o f f  the loop ga in  be fore  the f i r s t  uncer- 
t a i n  modes. Several o f  the uncertain modes a r e  a c t i v e l y  control led.  Numerical 
r e s u l t s  i n  [BMl ]  focus on unce r ta in  f requencies,  b u t  the  methods used can be 
extended t o  o the r  types o f  parameter e r ro rs .  Work t o  study the na ture  and 
e f fec t i veness  o f  these extensions i s  c u r r e n t l y  i n  progress. 
Another approach f o r  improving robustness invo lves  us ing nonl 
p r o g r a m i n g  t o  achieve robustness by s e n s i t i v i t y  op t im iza t i on ,  wh 
miz ing  the  s e n s i t i v i t y  o f  c losed- loop eigenvalues w i t h  respect t o  
i n  p l a n t  parameters. The method can a l s o  be used t o  op t im ize  the 
near 
ch means m i n i -  
u n c e r t a i n t i e s  
shape o f  
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s t r u c t u r a l  elements t o  reduce s t r u c t u r a l  weight. An o v e r a l l  con t ro l  / s t r u c t u r e  
opt imal design can be achieved by us ing both o f  these fea tures  s imultaneously.  
Appropr ia te c o n s t r a i n t s  a r e  imposed t o  ensure t h a t  h igh  performance i s  main- 
tained. Th is  approach t o  robustness i s  developed i n  papers [Adl, AG1, AG21. 
The idea i s  t o  use non l i nea r  p rog raming  t o  reduce the  s e n s i t i v i t y  o f  t he  
c losed- loop eigenvalues w i t h  respect  t o  modeling e r ro rs ,  w h i l e  ma in ta in ing  su f -  
f i c i e n t l y  h igh  performance o f  the  c losed- loop c o n t r o l  system. 
The paper [ A G l ]  de r i ves  formulas f o r  the  s e n s i t i v i t i e s  o f  c losed- loop eigen- 
values w i t h  respect  t o  unce r ta in  p l a n t  parameters and presents  a numerical 
example t h a t  demonstrates the  e f f e c t  o f  these s e n s i t i v i t i e s  on robustness i n  
con t ro l  o f  a f l e x i b l e  s t ruc tu re .  The ana lys i s  i n  [ A G l ]  i n d i c a t e s  t h a t  the  
f i r s t - o r d e r  s e n s i t i v i t i e s  o f  the  c losed- loop eigenvalues approach i n f i n i t y  as a 
c o n t r o l l e r  and an es t ima to r  eigenvalue approach each o the r  and suggests t h a t  
robustness can be improved by separat ing c o n t r o l l e r  and es t imator  eigenvalues. 
The numerical r e s u l t s  f o r  t he  f l e x i b l e  s t r u c t u r e  example i n  [AGl ,  AG21 
demonstrate the  improved robustness achieved by moving the  es t imator  eigenvalues 
t o  the  l e f t  o f  t he  c o n t r o l l e r  eigenvalues. 
The work i n  [Adl ,  AG1, AG21 has l e d  t o  a general  g u i d e l i n e  f o r  choosing the  
s t a t e  we igh t ing  m a t r i x  and the  process no ise  covar iance ( t h e  Q matr ices)  i n  the 
LQG problem t o  improve robustness: 
problem i s  chosen accord ing t o  performance c r i t e r i a ,  the  Q m a t r i x  f o r  the  e s t i -  
mator design i s  chosen t o  move the  es t imator  eigenvalues f o r  the  c o n t r o l l e d  
modes w i t h  h igher  f requencies s u f f i c i e n t l y  t o  the  l e f t  o f  the  c losed- loop 
c o n t r o l l e r  e igenvalues t o  reduce the closed- loop eigenvalue s e n s i t i v i t i e s  t o  
acceptable l eve l s .  Examples o f  Q matr ices  t h a t  achieve t h i s  s e n s i t i v i t y  reduc- 
t i o n  a re  g iven i n  [Adl, AGl-AG2). I n  general ,  the  es t imator  Q f o r  a modal 1 
A f t e r  the  s t a t e  we igh t ing  f o r  the  con t ro l  
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rep resen ta t i on  o f  a s t r u c t u r e  i s  diagonal and i t s  diagonal  elements increase as 
the corresponding s t r u c t u r a l  f requencies increase. 
References [Adl, AG21 discuss opt imal eigenvalue s e n s i t i v i t y  reduc t i on  i n  
con junc t i on  w i t h  opt imal  weight reduc t i on  by s t r u c t u r a l  shape opt imizat ion.  The 
idea i s  t o  combine m in im iza t i on  o f  closed-loop eigenvalue s e n s i t i v i t y  w i t h  o p t i -  
m i z a t i o n  o f  s t r u c t u r a l  mass d i s t r i b u t i o n ,  subject  t o  c o n s t r a i n t s  on eigenvalue 
l o c a t i o n ,  t o  produce a robust  c o n t r o l l e r ,  a l i g h t  s t r u c t u r e  and a closed-loop 
system w i t h  f a s t  response. 
o b j e c t i v e  i s  t he  f i r s t - o r d e r  s e n s i t i v i t y  o f  the c losed- loop eigenvalues, t he  
f i n a l  eva lua t i on  o f  t he  robustness o f  t he  design i s  based on l a r g e  v a r i a t i o n s  i n  
the  unce r ta in  parameters. The numerical r e s u l t s  i n  [Adl, AG1, AG21 demonstrate 
the  e f fec t i veness  o f  t he  method f o r  producing both a robust  c o n t r o l  system and a 
l i g h t  s t ruc tu re .  
While the  measure o f  robustness used i n  the  design 
Recently, a s i g n i f i c a n t  body o f  l i t e r a t u r e  has been devoted t o  Liapunov s ta-  
b i l i t y  methods f o r  robustness a n a l y s i s  and design o f  c o n t r o l  systems w i t h  s t r u c -  
t u r e d  u n c e r t a i n t i e s  [HBl ,  KB1, Yel, YL1, ZKl] .  These papers use quadra t i c  
Liapunov f u n c t i o n s  t o  est imate a reg ion  i n  parameter space f o r  which a c o n t r o l  
system w i l l  remain stable.  Such Liapunov robustness a n a l y s i s  i s  combined i n  
[Bel, GB1, P H l ]  w i t h  nonstandard R i c c a t i  m a t r i x  equat ions f o r  robust  c o n t r o l l e r  
design. 
The main advantage o f  these Liapunov methods i s  t h a t  they can be a p p l i e d  i n  
a s t r a i g h t f o r w a r d  and computat ional ly  e f f i c i e n t  manner t o  complex, r e a l i s t i c  
systems. However, t h e  methods g e n e r a l l y  y i e l d  conservat ive robustness est imates 
because, w i t h  t h e  p o s s i b l e  except ion o f  t he  method i n  [HBl] ,  a l l  o f  t h e  Liapunov 
robustness methods i n  c u r r e n t  l i t e r a t u r e  are zero-order i n  t h e  sense t h a t  a 
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s i n g l e  Liapunov f u n c t i o n  i s  used f o r  a l l  permiss ib le  v a r i a t i o n s  i n  the  unce r ta in  
parameters 
Recent research a t  UCLA [LGl] has produced a f i  r s t -o rde r  Liapunov robustness 
ana lys i s  approach, which a l lows the  Liapunov f u n c t i o n  t o  vary w i t h  the  unce r ta in  
p l a n t  parameters. On most problems the  robustness margins p red ic ted  by t h i s  new 
method a re  s u b s t a n t i a l l y  l a r g e r  than those p red ic ted  by the  zero-order methods. 
I f  the  f i r s t - o r d e r  Liapunov robustness ana lys i s  cont inues t o  be as successful  as 
i t  has been i n  e a r l y  app l i ca t i ons ,  an impor tant  l i n e  o f  research should be t o  
develop r e l a t e d  f i r s t - o r d e r  robustness des ign methods mot iva ted  by the  
R icca t i /L iapunov methods i n  [ B e l ,  PHl] .  Because o f  the theory and approximat ion 
methods presented i n  t h i s  t e x t  f o r  i n f i n i t e  dimensional R i c c a t i  equat ions and 
the success o f  t he  a p p l i c a t i o n s  t o  opt imal  c o n t r o l l e r  design f o r  l a r g e  space 
s t ruc tu res ,  i t  seems reasonable t o  expect t h a t  t h i s  k i n d  o f  theory and the  asso- 
c i a t e d  approximat ion methods cou ld  be used t o  develop R icca t i /L iapunov robust  
c o n t r o l l e r  des ign methods f o r  l a r g e  space s t ruc tu res .  
10.3 Model Reduct ion 
The model reduc t ion  work descr ibed i n  t h i s  monograph deals  w i t h  systems 
descr ibed by l i n e a r  constant  c o e f f i c i e n t  d i f f e r e n t i a l  equations. This  i s  a 
fea tu re  t h a t  i s  shared w i t h  most o f  the  model reduc t ion  work repor ted  i n  the  
l i t e r a t u r e .  Equations o f  t h i s  type a r i s e  when one i s  s tudy ing small v i b r a t i o n s  
about a s t a t e  o f  r e s t  i n  i n e r t i a l  space and t h i s  i s  a s i t u a t i o n  o f  g rea t  
i n t e r e s t  f o r  app l i ca t i ons .  Constant c o e f f i c i e n t  equations may a l s o  a r i s e  f o r  
some systems per forming small v i b r a t i o n s  about a s t a t e  o f  steady mot ion (e.g., 
steady spin).  I n  many cases o f  p r a c t i c a l  i n t e r e s t ,  however, the nominal mot ion 
e i t h e r  i s  p e r i o d i c  o r  cons i s t s  o f  a s i n g l e  maneuver over a f i n i t e  t ime i n t e r v a l .  
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I f  spec ia l  i n e r t i a l  symnetry cond i t ions  a re  n o t  s a t i s f i e d ,  the l i n e a r i z e d  
equat ions d e s c r i b i n g  small v i b r a t i o n s  about p e r i o d i c  mot ions genera l l y  have 
p e r i o d i c  c o e f f i c i e n t s ,  w h i l e  a general f i n i t e  t ime maneuver o f t e n  leads t o  
l i n e a r  equat ions w i t h  t ime vary ing  c o e f f i c i e n t s  o f  a general form. 
Spacecraf t  where bo th  bodies are  f l e x i b l e  and n e i t h e r  body i s  i n e r t i a l l y  sym- 
m e t r i c  i s  an example o f  a system where small v a r i a t i o n s  about steady sp in  lead 
t o  l i n e a r  equat ions w i t h  p e r i o d i c  c o e f f i c i e n t s .  Dur ing steady s t a t e  operat ion,  
the  equat ions governing t ransverse a t t i t u d e  mot ion o f  such a spacecraf t  assume 
the  form: 
A Dual-Spin 
(10.3.1) X = A( t )X  ; X(0) = XO 
(10.3.2) A ( t t T )  = A ( t )  
where T = 2r/wrel and wrel i s  the  r e l a t i v e  r a t e  between the two bodies. 
I f  one wishes t o  use the  methods o f  t h i s  monograph t o  design a c o n t r o l  system 
f o r  such a spacecraf t ,  i t  would be des i rab le  t o  have a scheme s i m i l a r  t o  t h a t  
descr ibed i n  Ch. 5 f o r  ob ta in ing  l o w e r  order  models o f  t he  system. 
O f  t he  var ious  methods a v a i l a b l e  f o r  model reduct ion,  balanced r e a l i z a t i o n  
The theory  i s  perhaps the  bes t  s u i t e d  f o r  extens ion t o  the  t i m e  vary ing  case. 
a p p l i c a t i o n  o f  ba anced r e a l i z a t i o n  theory f o r  t ime vary ing  systems has been 
considered i n  the  l i t e r a t u r e  [ S S l ,  V K l ] ,  b u t  work i n  t h i s  area has not been 
extensive.  Examp es worked out  so f a r  have been simple and nonphysical. 
p a r t i c u l a r ,  these examples were  no t  from the  f i e l d  o f  s t r u c t u r a l  dynamics.) The 
p o t e n t i a l  o f  t h i s  approach f o r  t ime vary ing  s t r u c t u r a l  systems i s  l a r g e l y  
untapped, and i t  would make a s u i t a b l e  t o p i c  f o r  f u r t h e r  i nves t i ga t i on .  
( I n  
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APPENDIX A. Asymptot ic Expansion f o r  t he  O b s e r v a b i l i t y  Gramnian 
The o b s e r v a b i l i t y  gramnian s a t i s f i e s  the  equat ion 
W o A + A  T W o + C C = O  T 
(A. 1) 
For the  l i g h t l y  damped mechanical systems'of  Sect ion 5.5, 
The development o f  an expansion f o r  Wc i n  Sect ion (5.5) i s  s i m p l i f i e d  somewhat 
because the  m a t r i x  BB i s  zero except f o r  t he  lower r i g h t  hand quadrant. I n  
con t ras t ,  the m a t r i x  CC i s  g e n e r a l l y  f u l l ,  so the  development o f  an expansion 
T 
T 
f o r  Wo i s  more complicated. 
f o r  t he  f i r s t  two terms i n  t h i s  expansion. When CC i s  f u l l ,  t he re  i s  no par-  
For t h i s  reason, we w i l l  develop an expression only  
T 
t i c u l a r  advantage i n  assuming a form l i k e  t h a t  o f  Eq. (5.5.8) f o r  Wo. L e t  
0 
Ao [ -*2 1 ' 
1 wo = - u + v + eW + ... E 
t i t u t i n g  (A.2-A.4) i n t o  (A. l )  y i - l d s  
L IUAo + A: U ]  + [VAO + AOV T + UA1 + AIU T + C T C ]  
E 
T T + e[WA0 + AOW + VA1 + AIV] + ... = 0 
Set t h e  c o e f f i c i e n t s  o f  l i k e  powers i n  e equal t o  zero t o  o b t a i n  
T 
( A 4  UAO + AOU = 0 
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T T T 
( A . 7 )  VAO + A. V + UA1 + AIU + C C = 0 
T T 
( A 4  WAO + A. W + VA1 + AIV = 0 
etc.  W r i t i n g  ( A . 6 )  i n  p a r t i t i o n e d  f o r m  leads t o  
2 2 T  U12R + R U12 = 0 
2 
(A. 10) 
( A . l l )  
Ul - R2UZ2 = 0 ; U l l  - UZ2R = 0 
T 
U12 + U12 = 0 
I t  f o l l o w s  f r o m  ( A . 9 - A . 1 1 )  and the  assumption t h a t  the  f requencies i n  R2 are  
d i s t i n c t  t h a t  
(A .  12) ul* = 0 
are  diagonal  (A. 13) ull’ 9 2  
Thus, 






v12 + v12 - A u22 - uZ2A + CvCv = 0 
2 T  V l l  - VZ2R + c c = 0 
V P  
+ CTC = 0 ; -R 9 2  + vll  2 p v 
2 T  2 T  - V 1 2 R  + c c  = o  -R v12 P P  
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The d iagonal  elements o f  v12 can be e a s i l y  found from (A.17) 
(A. 18) 
Using (A.18) and cons ider ing  the  diagonal  terms 
p l i c i t  expressions f o r  t he  diagonal  elements o f  
Equations (A.14) and (A.19) d e f i n e  the  dominant 
i n  (A.15) one may d e r i v e  ex- 
u22' 
f i r s t  t e r m  i n  the  expansion f o r  
Wo. 
diagonal  terms i n  (A.15)-(A.17). Th is  leads t o  
To determine the  second term i n  (A.4), we proceed t o  examine the  o f f  
(A.20) 
(CTCp)i. + w~(C,C , )~~  2 T  - 2 + ~ ~ ~ 6 ) ~ .  
2 1 ;  i # j  ( ~ 1 2 ) i j  = 2 
"J - "i 
T T 
(CPCJi j - (cpcv)ji 
"i - "j 
( 9 2 4  j = 2 2  (A. 22) 9 
i # j  9 
i # j  
Equat ions (A.18) and (A.20) de f i ne  v12 completely,  and (A.21) and (A.22) d e f i n e  
the  o f f  d iagonal  terms o f  v l l  and v22. To f i n d  the  diagonal  terms o f  vl and 
Eq. (A.8) must be w r i t t e n  i n  p a r t i t i o n e d  form. v22 * 
(A.24) 
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2 T  2 (A.25) -R W12 - W12R = 0 
From (A.25) we f i n d  t h a t  
S e t t i n g  the  diagonal  elements o f  (A.23) equal t o  zero and us ing  (A.26) y i e l d s  
(A.27) 
kP i 
Then, cons ider ing  the  diagonal  terms i n  (A.16), 
(A.28) 
Thus Eqs. (A.14, A.19, A.20-A.22, A.27, A.28) represent  the  f i r s t  two terms i n  
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